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> ú]ü�?[ü�@Aó ���-p�{w,��¦��$q�g�m�U�+v��¾�'$áp'$Uv��x�¦�x�- S�-,��!v��Uv��x�-�S,��U{�(»�-¿�n7�!�'{w$x +p�ä�p�n+(*)â�Up�¿&n+�U�+,��Y��{w(¾�-¿�n7�Dy

��{�$x +p�|

x2 + ax + b = 0,

(-$Uoq�+v����'{w +�m�')+�ép'¿�n7�U,��U|
x2 + ax +

a2

4
− a2

4
+ b = 0,

��)S�- sä
(

x +
a

2

)2

+ b − a2

4
= 0. Ü N Æ Ý

¨ {� 7�UvwvÉtxä&p'$xvÉ�&{w +�Þ��$x,
x
|

x± = −a

2
±
√

a2

4
− b. Ü N � Ý

Ã �� +(-�!ä��')+�m�S,'$x�+v��-oþ�!,'{wp��-p���)+�- µ��)+�¾�+{wp�(-,�{wo?{w 7�!�'�»{wp a2

4
− b < 0

lª¨ $x,��;�+�!oq�+v��Uä7��)+�� 
a = −2�U +�

b = 2,
��)S�- 

x± = 1 ±
√
−1.

�



k oq��'�{w +�xvÉtxä��U �t®�Uvw�U�-�+,'�U{w(¾,'��v0�!�'{w$x �vw{�¶U�é��)7�!��(u�U â{� ®�+,�{w +(�{w�+v��¦���éß=p'$xvÉ�x����à¦��tµp'{�oq�Sv�t¸{w ��','$!y
�+n+(�{w +�ã�')+��ß�{woq�U�x{� 7�U,ztq �n+om�g��,zà

i :=
√
−1 Ü N Ç Ý

�U +���+��oá�U S�+{w +�Þ�')7�!�G�U �t¸�;�S�S,'�-p�p'{�$x µ(-�U ��g�»��,'{É�'�'�- ¸{w áß�(�$xo?�+vw�;�&à���$x,�o

z = a + ib, Ü Nu¥�Ý
��)+��,'�

a = Re{z} {wp�(u�Uv�vw���?�')+��ß=,'�u�!vÉàª�+�U,��A$U� z, �U S� b = Im{z} {wp�(-�Uvwv��-�±��)+�ªß�{woq�U�x{� 7�U,zt�à%�7�U,z�$U�
z,
�+nS�G��$U��)

a, b
�U,'�é�- ��'{w,'��v�tá,'�u�!v©�C���+,'��p'p�{w$x +p l%è $U���»�')7�!�

i2 = −1, i3 = i i2 = −i, i4 = i2i2 = (−1)2 = 1,
1

i
=

i

i2
=

i

−1
= −i,

�U +��p'$±$x l
k n+p�����n+v]�+�CÊ7 +{��'{w$x �{�pª{wp2�')+�ép'$!y	(u�Uv�vw�-�qß=(-$xo?�+v��C��(�$x 
A�n+�x�!���;à»$U�

z
ä7�+�� +$U�����®��t

z → z∗or z̄ = a − ib. Ü �U«�Ý
~%$xo?�+vw�;��(�$x 
A�n+���Y��{w$U ��-p'p��- ���{w�UvwvÉtøo?�u�U Sp��'$±,'�-�Sv0�U(��

i → −i
�C�x��,�t���)+�-,�� l �&$+äS��)+{�vw�

z2 = (a + ib)2 =
(

a2 − b2
)

+ i(2ab)

{wp��!vwp'$?�ã(-$Uoq�+v��C�ø &nSoÞ�g��,ª��{���)
Re{z2} = a2 − b2 �U +� Im{z2} = 2ab,

��)S�¾�S,'$&�+n+(��G$U�

z z∗ = (a + ib)(a − ib) = a2 + b2

{wpª�� ���{w,��-vÉtø,'�-�UvêäS{ l � l
Im{z z∗} = 0,

�U +���g$xp�{��'{��x�!ö r )�n+p-ä�{��2{wp�A�n+pz��{�Ê+�-�¸��$±�+��Ê+ +�

|z| =
√

z z∗ ≥ 0 Ü ��NKÝ
�Upª��)S�¾ S$x,'o $x,%ß�o?$��+nSvwn+p�à�$!�§�U �t��;���+,'��p'p'{�$x 

z.~%$xo?�+vw�;�ø(�$x 
A�n+�x�!����pG)+�K�U�éoá�U �tán+p'��p-ä7��$x,2{� +p����U +(-�!ä+��$±p')S$D�ý��)7�Y�ª��)+�»{� ��U�-,�p'�¾$U�
z
(-�U ��Uvwp�$

���é��,�{������- ¸{� �(�$xo?�+vw�;�ø��$x,�oµ|
1

z
=

z∗

z z∗
=

a − ib

(a + ib)(a − ib)
=

a

a2 + b2
− i

b

a2 + b2
.

¨ n+,��')+�-,�{� +p'{��x)���{�p��+,'$K�&{w�+���sä7��)+�- ��%�¾,'���+,'��p'�� ��»�?(�$xoq�Svw�C�ø �n+oÞ���-,��Up�� � y	(-$xo?�g$U +�- ��ª�x��(��'$x,
{w £�')+�áß�(�$xoq�Svw�C�e�+vw�U +�Cà�ä

z = (a, b),
��)+��,'�¸��)+�øÊ+,'p��?(�$xoq��$x +�� ��uä

a = Re{z}, oq�-�Up'nS,'�-pã�')+��C�&�'�- ��é�Uv�$x +�q�')+�éß=,'�-�Uv��D�S{�pzà Ü )+$x,'{7'-$x ����Uv Ý äg�! +�®��)S�mp'��(-$x S��(�$xo?�g$x S�- ��uä b = Im{z}, oq�-�Up'n+,��-p
Ç



��)S�¦�;���'�- ��é�Uv�$x +�±��)+�¯ß�{�oá�!�x{w 7�!,�tá�Y��{wpzà Ü �x��,��'{w(u�!v Ý l%r )+{wpG�+v0�! +�¦�U�-$xo?���',�t¸p'nS�x�x�-pz�»�? +���éä��g$Uv0�U,,'���+,'��p'�� ����!��{�$x �$U�§�±(-$Uoq�+v��C�ø &nSoÞ�g��,��Up

z = r cos(φ) + ir sin(φ)

��{��') {a = r cos(φ), b = r sin(φ)} $x,�(�$x ��x��,'p'��v�tUä {r =
√

a2 + b2 = |z|, φ = arctan
(

b
a

)

}. r )+{�p��$xv0�U,¾,'���+,'��p'�� ����!��{�$x $x�S���U{w Sp¦{É��p¦�!�Uv�n+�q��,�$xo ��)+�q��$xvwv�$D��{� +�¸,'�-�Uvw{7'u�!�'{w$x s|Þ~%$x +p�{w�+��,m��)+� r �ut&vw$x,
p'��,'{��-pª��$x,2��)S�¾�;���g$x S�- ���{w�Uvs��{���{�oá�U�U{w 7�U,ztq�U,'�xnSoq�� ��-ä

eiφ =
∞
∑

n=0

inφn

n!
=

∞
∑

n=0;neven

inφn

n!
+

∞
∑

n=0;nodd

inφn

n!
,

�U +��p'nS�+p��'{���n���{w S�
n = 2k

��$x,ª�C�x�- 
n,
$x,

n = 2k + 1
��$x,ª$&�+�

n,
,��-p��g��(���{É�x��v�txä7�A�¦�U���

eiφ =

∞
∑

k=0

i2kφ2k

(2k)!
+

∞
∑

k=0

i2k+1φ2k+1

(2k + 1)!
=

∞
∑

k=0

(−1)kφ2k

(2k)!
+ i

∞
∑

k=0

(−1)kφ2k+1

(2k + 1)!
, Ü �x�xÝ

��)+��,'���A�¯)7�u�x�»nSp'�-�ø�')+�����!(��%�')7�!�
i2k = (i2)

k
= (−1)k

�U +�
i2k+1 = i (i2)

k
= i (−1)k.

è $K�éä��A�
(u�! µ�-�Up'{�v�tø{��+�- ��'{���t?��)+��p'�é�=�%$?p'��,'{w��p��!p2��)+� ¼ �U(-·]�Un+,'{� ¸p'�-,�{w��pG��$x,

sin φ
�U S�

cos φ :

eiφ = cos(φ) + i sin(φ), Ü � j Ý
r )+{�p2,'��p'n+vÉ�uäS(-�Uvwv��-�?ß�½[n+vw��,CB p ¨ $x,'oÞnSv0�Yà�ä��+,'$K�&{w�+��p��¦�x��,�tá(-$xo?�7�U(C���U +��p�n+�x�x��p���{É�x�¯��$x,�o#��$x,2(-$Uo±y
�+v��C�¸�;�S�S,'�-p�p'{�$x +p-|

z = reiφ. Ü � } Ý
½[n+vw��,CB p©��$x,'oÞnSv0�2{��'p'��v���vw�u�!�+p©��$��G �n+oÞ���-,a$U�&���Up'(�{w 7�Y��{w S�G,��-vw�!��{�$x +p©p'nS(*)Þ�Up

ei π
2 = i, eiπ = −1,(-$UoÞ�+{w S{w +�ã��)S�¦{�oá�U�U{w 7�U,ztá �n+om�g��,

i
��{��')µ��)S�¦{�,',��Y��{w$U 7�Uv� �n+om�g��,'p

e
�U +�

π.
¨ nS,���)S�-,'o?$x,��Uä7{��G{�p

��$x,��Uv�v�{� ��'�-�x��,'p
k = 0,±1,±2, . . .

e2πik = cos(2πk) + i sin(2πk) = 1.

æ ��p]n+p��9��$U,]�')+���g$Uv0�U,s,��-�+,��-p��- ��*�!�'{w$x ¦$U�S�G(�$xoq�Svw�C�¯ �n+oÞ���-,a�Uvwp�$��+,'$K�&{w�+��p��ª�x��$xo?����,�{w([�+��p'(�,'{w����{w$U $U�ª�+�Up'{�(á$x���-,'�!��{�$x +p¾{w Ü (-$xo?�+v��C� Ý �!vw�x���+,�� l�¨ $x,¾�C�S�Uo?�+vw�!ä�{É�¦{�p¦�A�-v�vÉy=¶� +$K�� e�')7�!� √1
)7�Up¦�=�A$

,'$&$U�'p Ü p'$xv�nS��{�$x +p Ý ä9 7�Uo?�-v�t ±1,
p�{w +(��

(±1)2 = 1.
"%nS�±��)7�!�á�U,'�¸��)S�µ,�$�$U�'p±$U�

1
1
3 ? D  S�µ,�$�$U�(-v��u�U,�v�t¦{wp

1
{��'p'��v���äx�+n��9�A�ª�%$Un+vw�±�C�����-(C�A�')+,'���G,�$�$!��p l æ p��')+��,'$&$U���!� N p�{wo?�+v�tm�é�','{��+vw�2,�$�$!��E r )+��U +pz�%��,�{wp-| è $+ö k  +����$ãp'���¯��)+{�p2{��%{wp2���-pz�ª��$Þ��,�{�����ß N à��Up��Þ(�$xoq�Svw�C�á �n+oÞ���-,ª{� ø�g$Uv0�U,9��$x,'o�äS�!p

�U��$K�x�U|
1 = e2πik.

r )+�� 
¥



1
1
3 =

(

e2πik
)

1
3 = e

2k
3

πi,

p'���-o?{w +�Uv�t t&{w��vw�+{� +���U e{� SÊ7 +{É�=tâ$U�%,'$&$U��p�ä_$x S�q��$x,é�u�!(*)£{w ������x�-,
k.
è $K�éä_��$x,

k = 0
�A�á�x�C�¦�')+�

¶� +$K�� Û,�$�$!�uä N lã¨ $x,
k = 1

�%�±$x�S���U{w ¢�ø S���éäa +$x �yê��,'{É�&{0�Uva,'$&$U�uä
e

2
3
πi = cos(2

3
π) + i sin(2

3
π) =

−1
2
+ i 1

2

√
3. æ �%{�pApz��,'�U{w�x)�����$x,��%�U,'�±��$¾����p��%�')7�!����)S{wp9{wpA�¦(-nS�g�;y=,'$&$U�9$U� N �&{0� (−1

2
+ i 1

2

√
3
)3

= 1.k v�p'$+äx��$U,
k = 2

�A�G$x�S�*�!{w ±�U +$!��)+��,-ä� +$x �yê��,�{��&{0�Uv�,'$&$U�uä
e

4
3
πi = cos(4

3
π)+ i sin(4

3
π) = −1

2
− i 1

2

√
3,��)S�¾(�$xo?�+vw�;�¸(-$x �A�n+���!�'�»$U���')+�é�+,'�C��{�$xn+p�,'$&$U� l "AnS����$x,

k = 3
�%�¾$x�S���U{w 

e
6
3
πi = e2πi = 1

�U���!{w sä
�U +�?p'{�oq{�v0�U,�v�t»��$x,9�U �tã$!��)+��,9{� ����-�U�-,

k,
�A��o?�-,��-vÉtã,'���+,'$&�+n+(��G$U +��$!�g�')+� j �Uv�,'�-�U�Stã¶� +$K�� á,�$�$!��p l

r )+{�pª{wp��ã¿�n+{��'�»�x�- +��,��Uv©,��-p�n+v��-|§�*�U¶�{w S�±�±��$K�%��,�(-$x,�,'�-p��g$U +�+p���$±,'$U���!��{� +�ã�ã �n+oÞ���-,G�U,�$xn+ +����)S�
$x,�{w�x{� �{� µ�')+�m(�$xoq�Svw�C���Sv0�U +� lG¨ $U,�{� +p����U +(-�!ä��?,'�-�Uv_��$xp�{���{É�x�¾ �n+oÞ���-,Gp'{�����{� +�q$U ®��)+�

Re
y��D�S{�p��Y�

φ = 2πk
�*�U¶!�- ��$ø�U {w ��'�-�x��,���$D�A�-,

n
,'$!�*�!�'�-p��'$

φ = 2πkn,
{ l � l {É��,��-oq�U{w +pG$x ®�')+�m��$xp�{���{É�x�

Re
y=�Y��{wp lãk  �n+om�g��,¾$U ¢�')+�± +�-�x�!��{É�x�

Re
y��D�S{�p-ä]�!�

φ = π + 2πk
�*�U¶!�- ¢��$��U �{w ������x�-,»��$K�%��,

n,'$!�*�!�'�-pm�'$®��)+�á�g$xp�{��'{��x�
Re
y��D�S{�p-ä§{É�

n
{wp¦���U�- sä9�U +�£�'$ ��)+�á +�-���Y��{��U�

Re
y=�Y��{wp�ä[{��

n
{�pm$&�+� l æ  �x�� +�-,'�Uvêäa�� �n+oÞ���-,¾�!�

φ
{wpé,'$!�*�!�'�-�â��$

nφ mod 2π.
r )+{�pé�x���'p¾(�$xo?�+vw{�(u�!�'�-� ��)+�� Û��)S�?��$K�%��,¦{�p

,��Y��{w$U 7�Uvêäap��utUä
n/m Ü �!pm{w Û��)+�ø(�n+���Cy=,�$�$!�Þ$U� N �U��$K�x�!| n = 1, m = 3

Ý l¢¨ {w,�p��uä
φ → φ′ = nφn+ +{�¿�n+�-vÉtxä��')+�- 

φ′ → (nφ/m + 2πk/m) mod 2π,
��)+{�(*)�vw�-�U�+pA�'$

m
�+{wpz��{� +(��A�U�!vwn+��p l�è $K�éä&��)+�- 

��)S�¦��$K�%��,�{�pG{�,','�!��{�$x 7�Uvùä
α,
��)+�� 

φ → (αφ + 2πkα) mod 2π,
��)+{w(*)µ)7�Up�{w SÊ+ +{��'�-v�táoá�! �t��!�Uv�n+�-p

��$x,��Uv�v�{� ��'�-�x��,ª�U�!vwn+��pª$U�
k.¨ {� 7�UvwvÉtxä���)S�-,'�¦�U,��é�ã���C�Ä{� ��'�-,��-p��'{w +�?,'��v0�!�'{w$x Sp2�+�-,�{��U�-�¸��$x,'oÂ½�nSvw�-,$B pª��$x,�oÞn+vw�S|

sin(x) =
eix − e−ix

2i
, cos(x) =

eix + e−ix

2
,

�U +��p'�C�'�'{w +�
x → ix

�+�CÊ7 +�-pG��)+��ß=)�t&���-,��g$xv�{w(;à���n+ S(���{�$x +p

sinh(x) =
ex − e−x

2
= −i sin(ix), cosh(x) =

ex + e−x

2
= cos(ix).

ëAì§ñ�úgû©ü�òYñ]ó
N l�Ë p'�é��)+��p'�é,'��v0�!�'{w$x +pA��$±Ê7 +�

∞
∑

n=0

cos(n) =
1

2
.

Ü Ã {w ��-| À ��oq��oÞ�g��,2��)+�é�x��$xo?����,�{w(¯p��-,�{w�-p�ö Ý
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ÌCÌ-Í FÞÒ¯ÏáØ�Ø+Ì*ÒmÐ÷Ì�Ð?Ö�ÔGFIHÞÒ¦×[Ø
r )+{�pq(*)7�!�S����,ø{wp?p')+$U,��q�g��(u�Un+p�� {��q{wp?p'$Û{wo?�g$U,��*�! ��-ö æ l � l ��)+��,'�®{�pq S$U�á�'$�$�oÞn+(*) �'$ep'�Kt

)+��,'�±�g��(u�UnSp'�ã�%�ã��{�vwv�,����'n+,' â��$¸{É��p¯{�oq�+v�{w(-�!��{�$x +p�oá�! �tµ��{�oq��p¯{w â��)S�Þ��$xvwv�$D��{� +�á(*)+�U�S����,'p lãr )+�
ß � �Un+p�p'{w�U �à±��n+ +(C��{�$x 

e−x2
= exp(−x2)

{wp¦�g��,��!�Up'{É�x�q{w £oq�U �t��U,'�-�UpÞ$U�ª�U�+�+v�{w�-�Ûoá�Y��)+��oá�!�'{w(�p l
æ �é�+$&�-p» +$!�»)7�u�x�?�U ¢�-v��-o?�- ��*�!,�t {� ����-�U,��Uv Ü ��)+{�(*)�{�p¯p'{�oq�Sv�t¸�*�U�Sn+v0�!�'�-�¢�Up¯�')+�¦ß���,',�$x,���n+ +(C��{�$x �à
erf(x) =

∫ x

−∞ dξ e−ξ2
,
 7�Uo?�-�®�+n+�m�'$ø{��'p�n+p��Þ{w pz�*�!�'{wpz��{w(�p Ý l ½§�x�� ¢�')+�Þ�+�CÊ7 +{É���m{� ����-�U,��Uva$U�[��)S�

� �Un+p'p�{0�U ¸{�pª +$U�ª��,�{��&{0�!v l D  +�»��,�{�����p-|

I =

∫ ∞

−∞
dx e−x2 → I2 =

∫ ∞

x=−∞

∫ ∞

y=−∞
dxdy exp

[

−
(

x2 + y2
)]

, Ü �x xÝ
�U +�ã�',��U +pz��$x,'o?p§��$é��$xv0�!,�(-$&$x,��+{w 7�Y���-p§�&{w�

(x = r cos φ, y = r sin φ),
��{���)

dxdy → rdrdφ,
)S�- +(��

I2 =

∫ 2π

φ=0

∫ ∞

r=0

rdrdφ e−r2

=

[
∫ 2π

0

dφ

] [
∫ ∞

0

dr re−r2

]

. Ü � Æ Ý
k p���)S�-p'�G�=�%$m{w ������x,��Uv�p�oá�U�U{w(u�!vwv�té���U(C��$x,�{('��Uä�vw�-�K�&{� +�¾�')+��Ê7,'pz�%{� ��'�-�x,'�Uv7��,�{��&{0�Uvùä ∫ 2π

0
dφ = 2π,

�U +�
��{��')���)+�ép'nS�+p��'{���n���{w$U 

rdr = 1
2
d(r2) = dξ,

I2 = 2π
1

2

∫ ∞

ξ=0

dξ e−ξ = π,

�A�¦)7�u�U�¾p�$xv��U�-����)+� � �Un+p'p�{0�U �{� ����-�U,��Uvùä

I =

∫ ∞

−∞
dx e−x2

=
√

π. Ü � � Ý
ÁÛ�G(-�U ?,'�u�!�+{wvÉtÞ�x�� +�-,'�Uvw{7'-�Uä�nSp'{w S�¦�»�A�-vwv y=(*)+$Up'�- ?vw{� +�u�!,§p'n+�Sp���{É��nS�'{w$x ±$U�g��)+��{� ��'�-�x,'�!��{�$x Þ�!�U,'{w�U�+v��Uä
��$

∫ ∞

−∞
dx e−ax2+bx =

√

π

a
e

b2

4a (a > 0, any b). Ü � Ç Ý
ëAì§ñ�úgû©ü�òYñ]ó
N l ����,'{É�x�¦½�¿ l Ü � Ç Ý l
� l�k p'p'nSoq�»��)+�!�

b
{w ¸½[¿ l Ü � Ç Ý (-�U ��Uvwp�$?���é(-$xo?�+v��C�gä7�U +�¸n+p��¾�')7�!�ª�'$qp�$xv��U�¯��)+�é{w ��'�-�x,'�Uv

∫ ∞

−∞
dx cos(x) e−x2

.
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ÌCÌ�Ì-Í Ì*Ð±Ö�ÔGFIHÞÒ2Ö�Ì$JéÐ � ÿLK � ÑãÌ*Î[Î§ÔMH¦Ô2Ð±Ö�Ì*Ò2Ö�Ì$JéÐ
Ò?Í F���Ù V;V$� � Q Ñ �wV*R��C�(= Ù R	�wPSQ�V
r )+� � �!n+p'p�{0�U ¢{wpé{�oq��$x,��¯�7�U,��'{w(�n+v0�U,�v�tµ{w ¢p����!��{�p��'{w(-p�ä©��)+�-,��q$x S�q{�p»{w �����,'�-pz�����e{w ß�o?$xo?�- ���p�à

$U���µ�7�U,��'{w(�n+v0�U,é�+{�p��','{w�SnS��{�$x 
p(x).

r )+�áoq�-�U +{w S�µ$U�ª�')+�-p��á����,'o?p æ ��{�vwv��+{�p'(-nSp'pÞ���-v�$D�#��$U,¾�')+�
o?$x,'�?{w ���nS{���{É�x�!ä_�+{�p'(�,'���'�á�+{� +$xo?{0�Uv��+{wpz��,'{��+nS�'{w$x løÃ �-,��Uä æ p�{wo?�+v�t �+��Ê7 S�á��)+� n

�')�ß�o?$xo?�- ���àã$U�
��)S�¯ß � �!n+p'p�{0�U ��+{�p��','{w�SnS��{�$x 

p(x) =
e−

x2

2

√
2π

Ü �U¥�Ý�Up
〈xn〉 =

∫ ∞

−∞
dx xnp(x) =

∫ ∞

−∞

dx√
2π

xne−
x2

2 . Ü j «�Ýr )+��p'�±{w ������x,��!vwp»�U,��ã�Uv�p'$�¿�n+{��'�Þ�+{N�q(�n+v��-ä©�U +�¢�!p¯��$x,���)S�ã�7�Up'{�( � �Un+p'p�{0�U â{� ����-�U,��Uvùä�{w ��'�-�x,'�!��{�$x �y
��t�y=�7�U,z��p¾��{wvwv� +$!�m)+��vw� Ü ��)�t&E Ý l ÁÛ�á(-$Un+vw�Û�+v0�utâ��)S�áp��!oq�?��,'{�(*¶��Upm�!�g$K�x�ø�U +�£oÞnSv���{��+v�tµ��{��')
1 =

∫∞
−∞ dy e−y2/2/

√
2π

�U S�?�',��U +pz��$x,'oç�U���U{� Þ��$é�g$Uv0�U,§(�$�$U,'�+{� 7�!����p-ä�{w Þ��)S{w(*)á(-�Up'�ª�A�G��{�vwv�)7�u�x�
��$�p'$Uv��x�q�¸ &nSoÞ�g��,¦$!�2{w ��'�-�x,'�Uvwp»{� ��U$xv��&{� +�

n
��)Û$x,'�S�-,é�g$Uv�t& +$xo?{0�Uv�p�{� 

r
�! +�

cos φ
oÞn+vÉ��{w�Sv�t&{w +�

��)S�¯�C����$x +�- ��'{0�Uv l Áô)+{wv����+$x�U�+vw�!ä��')+{wpA{wpª�u��¶��2�!,'�sö æ  +pz���u�!�sä+�%�¯��{�vwv��+vw�Ktá�m��$K�%��,���n+v��','{�(*¶�ä���)7�!�)7�Up��± &nSoÞ�g��,�$U�[�U�S�+vw{�(u�!�'{w$x +p%�g�Ctx$x +�µ��)+{�pG(-�Up'� l2è $U���é��)7�Y�
1 = [eax]a=0

{�pG�U µ{��+�- ��'{��=tø��$x,G�U �t
,'���xn+vw�U, Ü { l � l  +$U�2p�{w +�Un+v0�U, Ý �;���+,'��p'p'{�$x x

ä���)+��,'�
[. . .]a=0

o?�u�U +p�ß����!�Uv�n7�!�'���C�x�-,zt���)+{� +�±{w +p�{w�+��$U�
��)S�»�+,��U(*¶!����{w ø�')+�»�- +���!�

a → 0+.
à Ü ÁÛ�»��{wvwv��=t&�+{w(-�UvwvÉtø�!p'p'nSoq� a > 0,

�U +���*�U¶!�»��)+�»v�{wo?{�����$ «
��,'$Uo �!�g$K�x� l Ý Ë p�{w +�¦��)+�» +$!��{w$U á$U�]��)S�¯�+�-,�{��!�!�'{��x��{w ���,�$��Sn+(-����{w ¸����( l æ ä��A�¯(-�U �oq$U,'���U�- +��,��Uv�v�t��,'{É���»{� ¸�')+�ép��Uo?�»p'�S{w,'{É�ª��)+�»{��+�- ��'{��=t

xn = [∂n
a eax]a=0. Ü j NDÝ

r )+�¸��$D�A�-,±$U���')+{wpã{��+�- ���{É�=t£���-(�$xoq��p±�U�+�7�!,'�- ��-ä9��)+�� Å�A���U�+�+vÉt£{É�Þ��$¢$xn+,ão?$xo?�- ��ã�+,�$x�+v��-o
�U��$K�x�U|

〈xn〉 =

∫ ∞

−∞

dx√
2π

[∂n
a eax]a=0 e−

x2

2

=

[
∫ ∞

−∞

dx√
2π

∂n
a eaxe−

x2

2

]

a=0

=

[

∂n
a

∫ ∞

−∞

dx√
2π

e−
1
2
x2+ax

]

a=0

.

r )+�GÊ7,'pz�A�',��U +pz��$x,'oq�!�'{w$x ±$U���+n+vwv�{w +�»�')+���S,��U(*¶!����p
[. . .]a=0

$xnS�=�%�U,'�á{wp�$x���&{w$xn+p�ä�p�{w +(����C�x��,�t���)+{� +�
�+���g�� +�+{w S�m$x 

a
{wp�pz��{wv�v7{w +p�{w�+� l�r )+��p'��(-$x +�áp������á{�p9¿�n+{É���G�+,'$!��$xn+ +�sä��U +�?oq�Kt±���G)7�U,'�±��$OA�n+p��'{���t

ND�



{w ¢�x�� +�-,'�Uvê|¯ÁÛ�±)7�u�x�±��$µ�Up'p�n+o?�±�')7�!�é��)S�?{� ����-�U,��Uv§(�$x ��x��,'�x��p¦��$x,é�U �t
a
 +�u�!, « �U +�¢��)+�!�é{��é{�p

�UvÉ�2�ut&p DQP �'$µ�+{É����,'�� ��'{0�!�'�
n
�'{wo?�-p»��$��g�q�U�+v��ã��$®{� ����-,�(*)7�U +�U�?�')+�q$U,'�+��,¦$U�%{w ������x,��Y��{w$U Û�! +�

�+{É����,'�- ��'{0�!�'{w$x söSR9�C�uä§�x{É�x�� e��)7�Y�uä��')+�ø{w ��'�-�x,'�Uv�{wpm S$D� pz��,��!{w�x)��'��$U,��%�U,'� Ü p'���¸����( l æ�æ Ý ä_�U +�e�A�$x�S���U{w 
〈xn〉 =

[

∂n
a e

a2

2

]

a=0
,

)7�u�&{w +� ,��-�+nS(-�-� ��)S� {w ������x,��Uv¾��$ô�U 
n
��)�yê��$xvw� �+�-,�{��!�!��{É�x� Ü )+�- S(-� ��)+�  +�Uoq�¢ß�{w ��'�-�x,'�!��{�$x �y=��t�y�+{É����,'�- ��'{0�!�'{w$x �à Ý l�¨ $U,ª{w +pz�*�U +(��UäS�A�¾(u�U � +$K�Ä$x���*�U{� 

〈

x0
〉

=
[

e
a2

2

]

a=0
= 1,

〈

x1
〉

=
[

∂ae
a2

2

]

a=0
=
[

ae
a2

2

]

a=0
= 0,

〈

x2
〉

=
[

∂2
ae

a2

4

]

a=0
=
[

(

a2 + 1
)

e
a2

2

]

a=0
= 1,

��)+{�(*) �!,'�UäÅ,'��p'���-(C��{��U�-vÉtxäÕ�')+� ß� S$x,'oãà*ä£�')+� ß�o?�u�! �à
(µ =< x >)

�U +� �')+� ß=�!�U,�{0�U +(��Cà
(

σ2 = 〈x2〉 − 〈x〉2
) $U����)+{�p � �UnSp'p'{w�U ��+{wpz��,�{w�+nS�'{w$x {� Å½�¿ l Ü �U¥�Ý æ  Å���g�-(C�uä9��)7�!�±�%��)7�u�x���+�;y,'{É�x���Û{�p¦�! �{�oq��$x,z�*�U ��»�+,�$x���-,��=t¢$!�2�U �t¢�+{�p��','{w�SnS��{�$x sä���)+{�(*)Û{�pé$U������ Û,������-,�,'�����'$µ{� �pz�*�!�'{wpz��{w(�p-ä

(u�!vwvw���ø��)+��ß=(*)7�U,��!(�����,'{�p���{�(¯��n+ +(C��{w$U �à
Φ(a) = 〈eax〉 , 〈xn〉 = [∂n

a Φ(a)]a=0, Ü j �xÝ
��,'$Uo ��)+{�(*)��A�¦(-�U �$x�S�*�!{w ¸�U �t�o?$xo?�- �����t�oq��,'�é�+{É����,'�- ��'{0�!�'{w$x l�¨ $x,2��)+{�p � �!n+p'p�{0�U sä

Φ(a) = ea2/2. Ü jxj Ý
k vÉ����,' 7�!�'{��U�-v�tUäx�%�G(-$Un+vw�?)7�u�x��,'�u�!vw{('��-�±{wo?o?�-�+{w�!����v�t¾��)7�!�9$x Sv�tã�C�x�- áoq$xo?�- ��'p

n = 2k
{w ±��)+{�p

� �Un+p'p�{0�U ¸�+{�p��','{w�SnS��{�$x ��U,��¾ S$x �yT'��-,�$ Ü ��)�t�E Ý ä��! +�µnSp'�-�®�Þ�U�!,'{0�! ���$!�_�')+�ép��Uo?�¯��,�{w(*¶�|
〈

x2k
〉

=

∫ ∞

−∞

dx√
2π

(x2)ke−
x2

2

=

[
∫ ∞

−∞

dx√
2π

(−∂a)
ke−ax2

]

a= 1
2

=

[

(−∂a)
k

(
∫ ∞

−∞

dx√
2π

e−ax2

)]

a= 1
2

=
1√
2

[

(−∂a)
k 1√

a

]

a= 1
2

.

~2�U tU$xn�p��-�Uä2��)�tÅ�%�µ +�-���
a = 1/2

{w Å��)+�µ�- +� )+�-,���E ~%vw�-�U,'vÉtxä9�%� �U���?��)+�µp��Uo?�µ,��-p�n+v��'p-|
〈x0〉 = [1/

√
2a]a=1/2 = 1

�U +� 〈x2〉 =
√

1/2[−∂a(a
−1/2)]a=1/2 = 1.ëAì§ñ�úgû©ü�òYñ]ó

N j



N l�À ����,�{����¯�')+�é�x�- S�-,��!vw{('�� � �!n+p'p�{0�U ¸�+{�p���,�{w�+n���{w$U 

p(x) = ae−bx2+cx

��té,'���+v0�!(-{w S���')+��(-$x Sp��*�! ��'p
a, b,

�U +�
c
��t»��)+�9oq�-�U 

µ = 〈x〉 �U +�é��)+�§ß=p��*�! +�7�U,��¦�+�C�&{0�!�'{w$x �à
σ =

√

〈x2〉 − 〈x〉2. Ü Ã {w ��-|%(u�!vw(-nSv0�!�'� 〈x〉 �U +� 〈x2〉 �U S� ,'��¿&nS{w,'�¦�+,'$U�g��,� +$U,'oq�Uvw{7'u�!�'{w$x sä�{ l� l �- S��$U,'(-� 〈x0〉 = 1,
�'$¾$U�S�*�U{� ã,'��v0�!�'{w$x +p_�g�C�=�%���- ?��)+��p'�G(-$x +pz�*�U ��'p l Ý R9$xn±p')+$xnSvw�ãÊ7 +�±��)7�Y�

p(x) =
e−

(x−µ)2

2σ2

√
2πσ2

. Ü j } Ý
è $!������)7�!�%{��g�%�G��,��! +p���$x,�o#��$¦�')+��ß=,'���+n+(-����àG�!�U,'{w�U�+vw�

ξ, x → ξ = (x−µ)/σ,
{w ±��)S���x�� +�-,'�Uvw{7'-�-�

� �Un+p'p�{0�U é�+{�p��','{w�SnS��{�$x ¯{w é½[¿ l Ü j } Ý äD�')+�[ +�C�£�+{�p���,�{w�+n���{w$U p(ξ) = σp(x(ξ))
)7�UpU'��-,'$Go?�u�U 〈ξ〉= 0�U +�¾n+ +{É�]�U�!,'{0�! +(-�!ä 〈ξ2〉 = 1. æ  é��nS,' sä!{���p](*)7�!,��U(C���-,�{wpz��{w([��n+ S(���{�$x ¾{wpa�Uv��%�ut&p φ(a) =

〈

eaξ
〉

= ea2/2.

ÿmÍ Ø P �7V �0Q < �0QSR;T < � �W� VYXZ�ÉR	[\�0QSR;T < � � R	�wP�Q]�^= � �^_0�N`_T
�-T!QSR	� � R	�wP�Q
r )+{�p§oq�C��)+$&�Þ(-�U ±�g�2nSp'�-�?o?$x,'�A�x�- +��,��Uv�v�té��$»p�$xv��U���Uvwv&¶�{w +�Sp[$U��{w ������x,��!vwp l_r �!¶U�Uäx��$U,§{w +pz�*�U S(-�Uä

��)S�¾{��+�- ��'{��=t
[

∂n
λxλ
]

λ=0
=
[

∂n
λeλ lnx

]

λ=0
=
[

(ln x)neλ ln x
]

= (ln x)n , Ü j  xÝ
��)+{�(*)µ(-�U µ���én+p'�C��n+v©{w ¸p�$xv��&{w S�ã{w ������x,��Uv�pª{w ��x$Uv��&{w +�ã��$K�%��,'pG$U�_vw$x���!,'{��')+o?p-ä&� l � l

∫ 1

0

dx (ln x)2 =

∫ 1

0

dx
[

∂2
λx

λ
]

λ=0
=

[

∂2
λ

∫ 1

0

dx xλ

]

λ=0

=

[

∂2
λ

1

1 + λ

]

λ=0

=

[

2

(1 + λ)3

]

λ=0

= 2.

~%vw�-�U,'vÉtxäU�A�G(-$xn+v��±)7�u�x��p'$xvÉ�x���?�')+{wp[{� ��'�-�x,'�Uv7�Uv�p'$»��t±$U�')+�-,[o?�u�U Sp-ä�p'n+(*)q�Up�{w ��'�-�x,'�!��{�$x �y=��t�y=�+�U,��'p l
"%nS����)+{�p�o?���')+$&�®{wpGo?$x,'�¾�-v��-���U ����U +�µp���,'�U{w�U)�����$x,��%�U,��så��A�ã�UvÉ�2�ut&p�¶� +$K� )+$K� ��$q�+{��g�-,��- ���{w�!���
��)+{�vw�»{w ��'�-�x,'�!��{�$x ��UvÉ�2�ut&p�{� ��x$xvÉ�x�-p�p�$xoq�»�Un+�-p�pzy	�A$x,�¶ l
ëAì§ñ�úgû©ü�òYñ]ó
N l ���C����,'o?{w +�

I =

∫ 1

0

dx (lnx)2 x
5
6 .

N }



O Í ÿ �0QgP Ú � �W�_Ñ �wV*R��C�(= Ù R	�wPSQ�V

æ  +{É��{0�!vwv�t±o?$x,��»{w ���n+{É��{É�x���')7�U µ� � �Un+p�p'{w�U ¸{wp2��)S�¯ß=�+{w S$xoq{w�Uv��+{wpz��,�{w�+nS�'{w$x &à

pn
k =

(

n

k

)

qk(1 − q)n−k Ü jxÆ Ý
��$x,

0 ≤ q ≤ 1
�U +�q�U �t±{w ��'�-�x��,'p

0 ≤ k ≤ n. æ �A�U +pz�%��,'p���)+����$xvwv�$K��{w +�¯¿�n+��p��'{w$x s| æ �©�U ?{w S�+{��&{w�Sn7�Uv���U�- ��ø)+�Up?���+,�$x�7�U�S{wvw{É�=te$!�
q
��$�����,��u�Uv�{('��-� Ü { l � l 1 − q

��$��g�¸ +$U�?,��u�Uv�{('-��� Ý ä���)7�!�?{�p±�')+�
�+,�$x�7�U�+{�vw{É�=tâ��)7�!�m{w 

n
��,'{w�Uvwp æ p'��� k

p'n+(*)�,��u�Uv�{('u�Y��{w$U +p¦$!�ª��)+���C�x�- �� le¨ $x,¦{w +pz�*�U +(��Uä[{É� æ �+$ n(-$U{w â��$xp�p'��p¾��{É��)¢��)+�±���U�- ��¾ß=)+�u�!�+pzà±)+�K�&{� +���U Û��vw��oq�� ����U,�t �+,'$x�+�U�+{wv�{��=t
q = 1/2,

�U��$xnS�uä©�')+�- 
$x�+p��-,z��{� +�

k
p'nS(*)Õ�C�x�- ��'pq)7�!pã�+,'$x�+�U�+{wv�{��=t

pn
k .
��{�oq{�v0�U,�v�txä©�A�¸(-$xn+v�� �g���S�-p'(�,'{��+{w +�¢� �S,'n+ +¶Y�U,��

��)+�!�¯$x â�-�U(*)âp��'�-�¢{wp�,��U S�+$xo?v�t¸p��%�ut&{w +����$q��)+�Þ,�{w�x)�����{���)®�+,'$x�+�U�+{wv�{��=t
q
�U +� �'$á��)+�mvw��������{��')

1 − q.
r )7�Y�Þ�+,�n+ +¶Y�U,'�Û�%$xnSvw�£,��u�U(*)��®�S{wp����U +(��

xn
k = kL + (n − k)(−L) = (2k − n)L

�!���'�-,
n
pz�����+p�$!��v��- +�U�')

L
��,�$xo÷)+��,�$x,'{��x{w ��Y�

x0
0 = 0

��{É��)¸�+,'$U�7�U�+{�vw{��=t
pn

k .è $!������)7�!�9��)S���+{� +$xo?{0�Uv+�S{wp��','{��+nS��{�$x ?{wp9(-vw$Up'�-vÉt±,'��v0�!�'�-�q�'$¦�')+���+{� +$xo?{0�UvSp'�-,�{w��p%{w ��','$&�+n+(-���á{� 
����( l æ ��{É��) p = 1 − q,

��,'$xo ��)+{w(*)�{wo?oq���+{0�Y���-vÉtã��$xvwv�$K��p
n
∑

k=0

pn
k =

n
∑

k=0

(

n

k

)

qk(1 − q)n−k = [q + (1 − q)]n = 1,

{ l � l
pn

k

{�p2�+,�$x�g��,'vÉtá +$U,'oq�Uvw{7'-�-��ä���{É��)ø�')+�»�+,'$U�7�U�+{�vw{��=t±$!�©ß��U �t�à¯$xn���(-$Uoq�¯���-{� +�ã(-��,����U{w ��=t Ü % NDÝ l
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ÌbaqÍ FÞÒ¦Ó Ó Ò÷Î§Ï±Ð O ÖGÌ	JéÐáØ
Γ(x)

Ò?Í Ø�Ù �Cc �ed T±P�c �
D
� Ñ � Ú T!QgV	�wP�Q �W�§Øf8 [�Tg��T

·©���CB p�(-$U +p'{��+�-,2�')+�»��$xvwv�$D��{� +�m¿�n+��p��'{w$x s|[Áô)7�Y��{wp2��)S�¾p�n+,����!(-�¾�U,'�-�
SD(r)

$U�a��)+�»p��+)+��,'�¾{w 
D�+{�oq�� +p'{�$x +p�E ÁÛ�¦,��-o?�-oÞ���-,ª��)+�!�

S3(r) = 4πr2 {w D = 3 [V3(r) = 4πr3/3].
Áô)7�!�G{wp��?p��+)+��,'�

{w 
D = 2? æ �CB p2�')+� D = 2

$x��A��-(C����)7�!�-ä���)+�� µ,�$U�*�Y���-��{� ���$m�')+�¯��)+{�,'���+{�oq�� +p'{�$x sä&�x{��U�-p��
D = 3p'�S)+�-,�� l?r )7�!�¾$x��A���(��¾{wp¯�')+�±(-{w,�(-v��Uä©$U�A(-$xnS,'p'� l æ ��p�ß=�U$xvwn+o?�Càm{wp»�')+�ã(-{�,'(-v���B p¾�U,'�-�Sä V2(r) = πr2,)+�� +(-�!ä�{É��p�p'n+,z���U(-�G{wp§�')+��(-{�,'(-v��-p�(-{�,'(�n+o?����,'�� +(-�!ä

S2(r) = 2πr.
"Atm��)+��p��!oq�ª��$U¶U�- �ä&�')+���+v0�U{� ±vw{w S�

�����=�A�-�- −1 ≤ x ≤ 1
oÞn+pz���g�»��)S�»(-$x,�,'�-p��g$U +�+{w S�?nS +{��Aß=p'�+)S�-,'�;àé{w 

D = 1.
~%vw�-�U,'vÉtxä�{���p2�U$xvwnSoq�

{wp
V1(r) = 2r,

�U +�¸{��'pªp'n+,z���U(-�¾{wp��ã(�$x +p����U ��uä
S1(r) = 2.Ã $K� (u�U ¸��)+{�p�¿&n+�U ���{��=tø�g�é�x�� +�-,'�Uvw{7'-�-�fE æ �¯�U�S�g�-�U,'p�ä+��)7�!���ã(-$U +p'{��+�-,'�!��{�$x ¸$U�§�+)�t&p'{�(u�Uv]n+ S{���p,'��¿�n+{w,��-pá�')7�!�

VD(r) ∝ rD
�U +�

SD(r) = ΩDrD−1;
��)S�-,'�®{wpá$U +v�tÕ$x +� (*)+�U,��U(C����,'{wpz��{�(®vw�� +�U�')

��$x,q�Ûp��+)+�-,��Uäª{É��p?,��U�+{�n+p
r.
"%n��á��)+�!�á$U +v�t�p�$xv��U�-pá)+�Uv���$U���')+�®�+,�$x�+v��-o l Áô)7�!�á,'�-oq�U{� +p±{wpq�

�+�C���-,�oq{� 7�!�'{w$x ã$U����)S�Gp�n+,����!(-����$x,��h�i�f��j
(r = 1)

p'�+)+��,'�!ä
ΩD. D n+,§�2�ut±$U�gÊ7 +�+{� +� ΩD

{�p-ä�{w ã���U(C�uä
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r2
D = x2

1 + x2
2 + . . . + x2

D,

�A�¦(-�U ���,'{��'�U|
(√

π
)D

=

(
∫ ∞

−∞
dx e−x2

)D

=

∫ ∞

−∞
dx1

∫ ∞

−∞
dx2 . . .

∫ ∞

−∞
dxD exp

[

−
(

x2
1 + x2

2 + . . . + x2
D,
)]

=

∫ ∞

r=0

dVD(r) e−r2 Ü } «�Ý
è $!���¯��)+�!�G�U �t�p'�S)+�-,�{w(u�!vwv�tqp�t&o?oq�C��,�{w(���n+ S(���{�$x ¸(-$xnSvw�����¾nSp'�-��ä7{w ��+,�{w +(�{w�+v��UäS�SnS�ª��)+� � �Un+p�p'{0�! 
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D
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D
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��{��')µ~2�U,��'�-p'{w�U �(-n+���-p�ä

dVD = dx1dx2 . . . dxD.
½��U(*)�p'n+(*)µp')+��vwv©)7�UpG�±,��U�S{wn+p

r
��,�$xoÂ�')+�é$x,'{��x{w 

�U +�e�U �{w SÊ7 S{�����p'{�oá�Uva��{w�S�')
dr.

��{� +(-�
dr

�x���'pm�!,'�+{É��,��!,'{wvÉt�p'oq�Uvwvùäs��)+�?{w + S�-,¾�U +�Û$xnS����,¦p�n+,����!(-�
�U,��u�ã$U�a��)+�ép')S�-vwv©{�p��U��$xnS�ª��)S�¾p'�Uo?�Uä

SD(r).
Ã �� +(-�!ä7��)+�é{w �Ê7 +{��'�-p�{woq�Uv��U$xvwnSoq�»$U�_�u�!(*)µp�)+�-v�v©{wp

dVD(r) = SD(r)dr = ΩDrD−1dr, Ü } NKÝ
��)+{�(*)sä7{w +p��-,z���-��{w �½[¿ l Ü } «�Ý ä+vw�-�U�+p2�'$

π
D
2 = ΩD

∫ ∞

0

dr rD−1 exp
(

−r2
)

. Ü } �xÝ
è $K�éä©$xnS,¯�+,'$U�+vw��o {�p¯p'$xvÉ�x���sä]�Uvwo?$xpz�uö¯ÁÛ�ã,'�-�Sn+(-����{É�¯��$¸�ø�S{wp'(�n+p'p�{w$x â$!�%� � �Un+p�p'{w�U â{w ������x,��!vêä
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��)S�

D
y=p'�S)+�-,�� l

ÿmÍ Îf�ed R;P���� �W� V;c�P��mQ�PSQf�q�0QSR;T < T
�-V
·©����n+pµ(-$x +p�{w�+��,��')+���+,'$x���-,z��{��-p�$U�m�')+����$Uvwvw$K��{� +� {w ������x,��!vêä���)S{w(*) �A����{�vwvsr�"utv�+"Û�Up¸��)S�

ß
Γ− ��nS +(��'{w$x �à

Γ(x) =

∫ ∞

0

dt tx−1 e−t. Ü } j Ýr )+{�p¦{� ��'�-�x,'�Uv��C��{wpz��p¾��$x,m�!vwv
x > 0 Ü ��)�t� +$U� x ≤ 0?)

�U S�e)7�Upm�����C� ,'�-oq�U,�¶!�!�+vw�ã�+,�$x���-,��'{w��p l
æ  ������x,��!�'{w$x &y=��t�y=�7�U,z��p�ä+n+p'{� +� u = e−t → u′ = −e−t

�! +�
v′ = tx−1 → v = tx/x

t&{��-vw�Sp

Γ(x) =

∫ ∞

0

dt tx−1 e−t

=

[

−1

x
txe−t

]∞

t=0

+
1

x

∫ ∞

0

dt tx e−t

=
1

x
Γ(x + 1),

Γ(x + 1) = xΓ(x). Ü }x} Ý
r )+{�pÞv0�Upz�uä_ß=,'�-(�n+,'p�{w$x &àá��¿�n7�!��{�$x £��$x,

Γ
{wp¾�x��,�t p�n+�x�x��p���{É�x� l æ �ã{�pÞ�u�!p�te�'$â{w ������x,��Y��� Γ(1) = 1.r )+�� ��t ½[¿ l Ü }x} Ý ä Γ(2) = 1Γ(1) = 1
�U +�

Γ(3) = 2Γ(2) = 2 × 1, Γ(4) = 3Γ(3) = 3 × 2 × 1,

Γ(5) = 4Γ(4) = 4 × 3 × 2 × 1,
�U +��p'$?$x l æ ��{�p-ä7{� ¸���!(��uä7�-�Up�t��'$qp�)+$K�Ä��)+�!��½�¿ l Ü }x} Ý ��$U,G S$x �y +�����!��{É�x��{w ��'�-�x��,'p

x = n
{�p9p�$xv��U�-�q��tã�')+�����U(��'$x,'{w�UvS��n+ +(C��{�$x sä�{ l � l

Γ(n+1) = n!,
{w +�S{w(u�Y��{w S�¯��)+�
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(-v�$xp'�ª(�$x + +��(��'{w$x ±$U����)S�
Γ
yê��n+ +(C��{w$U Þ��$é�U �t���)+{� +�é)7�u�&{w +�¯�'$»�+$»��{���)¦ß=(-$xnS ��'{w +�Yà Ü (-$xoÞ�S{w 7�!�'$x,'{�(-p Ý l
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��{� �n7�!��{�$x ã{wp[ S$U�9n+ +{w¿�n+�!ä���)+$xnS�x)sä&�Up

Γ(x)[1+a sin(2xπ)]
�+$���p[��)+��p��!oq�2�')+{w +�w����r±p��!�'{wp�Ê+�-p[��)+�

,'��(-n+,�p'{�$x Û,��-vw�!��{�$x l D ��)+��,-äa$x����{�$xn+p�v�tâ�+��p'{�,��U�+v��±�+,'$x���-,z��{��-p-ä]v�{w¶U�±o?$x +$U�'$x +{�(-{��=t���$x,ép'ni�q(�{w�� ��'v�tv0�!,'�x�
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�U,'�ã S�-�-�S�-�¢��$�oq�U¶U�

Γ(x)
n+ +{�¿&nS� l¦è $K�éä©{��»oq�U¶!�-p»p'�� +p'�ã�'$¸�Up'¶�äs��$x,¯{� +p����U +(��U|�Áô)+�!�

{wp
(π!),

$x, (−1
2
!
)

?
r )+�m��$x,�oq��,�{�pvA�n+pz�»p'$xo?�m{�,','�!��{�$x 7�Uv] �n+oÞ���-,�ä��+nS����)+�Þvw�!�'�'�-,�{wp��-�Up�tµ��$áÊ+ +�

{w S�+�-���s|
(

−1

2

)

! = Γ

(

1

2

)

=

∫ ∞

0

dt t−
1
2 e−t

= 2

∫ ∞

0

d
(√

t
)

e−t

= 2

∫ ∞

0

du e−u2

=
√

π, Ü }  xÝ
��)+��,'�é�%�é)7�u�x�¾n+p��-�µ�')+� � �!n+p'p�{0�U ¸{w ��'�-�x,'�Uvs{w ¸½[¿ l Ü � � Ý l"%nS�é�')+�-,��á{wpéo?$x,'�!ö k v���)S$xn+�x)¢��)+�?{w ��'�-�x,'�Uv[{w Û½[¿ l Ü } j Ý $x +vÉtâ�+�CÊ7 +�-p Γ(x)

��$x,
x > 0,

�')+�
,'��(-n+,�p'{�$x ,'��v0�!�'{w$x µ{w ®½�¿ l Ü }x} Ý �i�f�pxC�f"	myn¸(-$x ���{� �n+�-p Γ(x)

��$ø�Uvwv],'�-�Uv
x. Ü k (C��n7�!vwv�tUä��')+�Þ�+�CÊ7 +{� +�{w ��'�-�x,'�UvS�!vwp'$»(�$x ��x��,'�x��p���$U,�(-$Uoq�+v��C�

x
��{���)

Re{x} > 0,
)S�- +(����')+�2,��-(-nS,'p'{�$x ã��)+�� ã�C�&���� +�+p

Γ(x)��$;��m�m�(-$xo?�+vw�;�
x!)

¨ $U,©�C�S�Uo?�+vw�!ä
Γ
(

1
2

)

= −1
2
Γ
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−1
2

)

,
p�$ (−3

2
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! = Γ
(

−1
2

)

= −2Γ
(

1
2

)

= −2
√

π,�U +�âp�$�$x l æ  â���U(��-ä�{É�[�%�ã¶� +�C� Γ(x)
$x +v�t�$x 

a ≤ x ≤ a + 1
��$x,»�U �t
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��)+�m,'�-(�n+,'p�{w$x �A$xn+v��

�+,�$D�&{��+�
Γ(x)

���U�-,�t���)+��,'�!ö
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p'��(-,����±vw{É���q$!��{���p¦(-$x ��'{w �n7�!�'{w$x sä
Γ(x),

{wp¦p'$xo?����)7�Y�Þp'nS,'�+,�{wp'{� +� l ~%$U +p'{��+�-,�ä§��$x,m�;�+�!oq�+v��Uä§��$x,m�
p'oq�Uv�v

ε → 0

Γ(ε) =
1

ε
Γ(1 + ε),

��te�&{w,z��n+�á$U�ª��)+�á,'�-(�n+,'p�{w$x �,��-v0�Y��{w$U e{w £½�¿ l Ü }U} Ý �U�x�U{w l æ �Þ{wpm�-�Up�tÛ��$ p��-����,'$Uo�')+���+�CÊ7 +{w S�
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Γ(ε) = 1/ε

)+�Up9�ép�{wo?�+vw�
��$xvw�!ä�{ l � l {��A�+{É�x�-,��x�-p2�'$

+∞ ��$x,
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ε → 0−.
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Γ(x)
��$x,Þ�Uv�v� +$x �y	�g$xp�{��'{��x�q{w ������x�-,�p

x.
¨ $U,m{w Sp��*�! +(-�!ä

(-$U +p'{��+�-,
Γ(ε − 1) = Γ(ε)/(ε − 1)

��$x,
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�&{w +(��
1/(ε − 1) → −1, Γ(ε − 1) ≈ −Γ(ε){w S)+�-,�{���p2�')+�¾�g$xv��»$U�

Γ(0)
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1/ sin(xπ)
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Γ(x)Γ(1 − x) =
π

sin(xπ)
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À ����nS,' +{� +�Þ��$±��)+�
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(
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s4 + . . . .
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24
xs4+...
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√
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√
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√
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u4....
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a
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=

∫ t0+ε

t0−ε

dt f(t) e−xφ(t) + exponential smaller terms in x
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∫ ε

−ε
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6
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√
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√
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u√
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+ . . .
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a
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0
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φ”(s) =
1

s2
.

~%vw�-�U,'vÉtxä
φ(s)

)7�Up»$U +�±n+ +{w¿�n+�±o?{w +{�oÞn+o�ä���)S�-,'�
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s0 = 1.
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(
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n ≥ 0.
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n
�U +�

k.
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∞
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∞
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∞
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∞
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∞
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∞
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∞
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∞
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∞
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∞
∑

i=0

Γ(i + k + 1)

i!Γ(k + 1)
xi+k,

gk(x) =

∞
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=

(
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��$x,G��)+�ã{� +{��'{0�Uv©�+,�$�(��-p�p l ½[¿ l Ü �Y}!yz�  UÝ {wp¯�áoq{ ���-�säs�S{��g�-,'�� ���{0�!vÉy=�S{��g�-,'�� +(-�¾�-¿�n7�Y��{w$U l»r $�p�$xv��U�m��)S��+{É����,'�- ��'{0�Uvs��¿�n7�!��{�$x �Ê7,'pz�uä+�A�¦�S��Ê7 +�¾�±�x�- S�-,��Y��{w S�Þ��n+ +(��'{w$x ��Up

g(x, t) =

∞
∑

n=0

Pn(t) xn, Ü � Æ Ý
��{��')

g(x, 0) = 1.
ÁÛ�ép'{�oq�+vÉtáomn+v��'{w�+vÉt

xn
��)+,�$xn+�x)�½[¿ l Ü �!} Ý �! +�µp�n+o÷��$x,��Uv�v

n > 0
�'$?�U���

∂t

∞
∑

n=1

Pn(t) xn = −λ

∞
∑

n=1

Pn(t) xn + λ

∞
∑

n=1

Pn−1(t) xn,

∂tg(x, t) − ∂tP0(t) = −λ [g(x, t) − P0(t)] + λxg(x, t),

∂tg(x, t) + λ(1 − x)g(x, t) = ∂tP0(t) + λP0(t) = 0,

��)+��,'�»��)+��v0�Upz�ª�-¿�n7�Uv�{��=t?��$xvwv�$K��pA��,'$UoÂ½[¿ l Ü �  xÝ l§r )+{�pª$x,'�+{� 7�U,ztá�+{É����,'�� ��'{0�Uv��-¿�n7�Y��{w$U ø��$x, g(x, t){w 
t Ü x {wpªo?�-,'��v�tø�?�7�!,��Uom�'�-,ª)+��,'� Ý {�pª�u�Up�{wvÉtøp'$Uv��x���µ��t¸�! µ�;�S��$x +�� ���{0�!vê|

g(x, t) = g(x, 0)e−λ(1−x)t, Ü �x� Ý
= e−λ(1−x)t, Ü � Ç Ý
=

∞
∑

n=0

tn

n!
e−λt xn. Ü � ¥�Ý

r )�n+p-ä���t�(�$xoq�+�U,'{�p'$x ø��{É��)µ½�¿ l Ü � Æ Ý äS�A�»Ê7 7�Uv�v�tá�x���

Pn(t) =
tn

n!
e−λt. Ü Ç «�Ý

ÑøÍ » PgX#R;P d P�Q V T
��R F T!QgT
� � R	�0Q <®Î�Ù Q d R	�wPSQ�V
~%$x +p�{w�+��,»�U���!{w µ�')+�Þ�x�� +�-,'�!��{� +�á��n+ S(���{�$x 

gk(x)
{w ½�¿ l Ü Æ ¥�Ý �U S� ,'�C��,'{��'�Þ{�����{��')â�§���
oLk�m("q��U,��xn+o?�- ��

x = eiφ,
�'$±�x���

gk

(

eiφ
)

=
∞
∑

n=0

Πn,ke
inφ,

∫ 2π

0

dφ gk

(

eiφ
)

e−imφ =
∞
∑

n=0

Πn,k

∫ 2π

0

dφ ei(n−m)φ, Ü Ç NDÝ
��)+��,'�

m
{�p��U S$U��)+��,�{� ��'�-�x��, lGr )+�m{� ����-�U,��Uv]$x ®�')+�m,�{w�x)��zy=)7�U S��y=p�{w�+�é{wp��u�Up�{wvÉt����!�Uv�n7�!�����sä���{���) �

p'nS,'�+,�{wp'{� +�é,'��p'n+vÉ�u| æ � m = n,
�')+��{w ������x,��! ���{�p[p'{�oq�+vÉtmnS +{��=tUä&p�$¾�')+�ª{w ��'�-�x,'�Uv+�-¿�n7�!vwp

2π;
{É�

m 6= n,

j  



�A�¦$x���*�U{� ���tøp���,'�U{w�U)�����$x,��%�U,���{� ����-�U,��!�'{w$x s|
∫ 2π

0

dφ ei(n−m)φ =
1

i(n − m)

[

ei(n−m)φ
]2π

φ=0
,

=
1

i(n − m)

(

e2πi(n−m) − 1
)

,

= 0,

�Up
e2πik = 1

��$x,A�U �t?{w ������x�-,
k,
p'���»����( l æ ~ l[r )+�-,�����$x,��Uä��')+��p�n+o $x á�')+��,�{w�x)���y	)7�U +�&y=p'{��+��$U�]½[¿ l

Ü Ç NDÝ (-$xv�v0�U�Sp'�-p�ä+vw�-�u��{� +�±$x +vÉtá��)S�¯���-,�oÂ��$x,
m = n :

Πm,k =
1

2π

∫ 2π

0

dφ gk

(

eiφ
)

e−imφ. Ü Ç �xÝ
~%vw�-�U,'vÉtxä+{� ��x�- S�-,��!vêäS�')+{wp�{w ��'�-�x,'�!��{�$x øoq�Ktø�g�»¿�n+{É���é�+{7�?(�n+v�� l

aÞÌCÌ-Í �GÔªHªÖ�ÏhHmÿ»Ò2Ö�Ì$J»Ð Ôª�I�_ÒmÐáØ7Ì	JéÐáØ

æ  �oá�U �t¢�!,'�u�!p¾$!�%p�(-{w�� +(-�q�U +���- S�x{w +���-,�{w +�+äa�Uv�oq$Up��»�C�x�-,zt���)+{� +�µ�A�q¶� +$K�#�S�-,'{É�x��p¾��,�$xo ��)S�
��$D�A�-,m$U��kf"	��j����$¼���j���½�"µ"q�$k����� 	�#�
�� l ÁÛ�-v�vêäa��{���)���)+�ø�U�S�x�� ��±$U��(-$xo?�+nS���!��{�$x sä]��)+{� +�xp¦)7�u�x��{woãy
�+,�$D�U�-��p'$Uoq�C��)7�!�uå9p'{�oÞn+vw�!��{�$x +pé���U�- �)+�-v��g���£��$ �S{wp'(�$K�x�-,moá�!�')+�-oq�!�'{w(u�!v9p�$xvwn���{w$U +p¾�'$ �+{N�q(�n+v��
�+,�$x�+vw��oqp[�S,'���&{�$xn+p'vÉtã$x +vÉt±�U(�(-�-p�p'{��+vw�ª��$¾���-,��'n+,'�+�!��{�$x +p l D  S���!,'�u�»��)+��,'�G$xn+,�¶� +$K��vw�-�S�x���!vwo?$xp���C��(�vwn+p�{��x��v�t��S�-���- +�+���®$x ����-,��'n+,'�+�!��{É�x�é�C���7�U Sp'{w$U +p�n+ ���{wv�p'$xo?� j « tx�u�!,'pG�U�x$ã�%�UpG�')+�»��)+��$x,�tø$U�
p'nS��y��!�'$xo?{w(¯�7�!,���{�(-v��-p-ä���$x,ª{w +pz�*�U S(-� l

Ò?Í � T
��R Ù �C=0�wQ <���Ñ �7`aT
�-T!QSR	� �W��ÔM¬�Ù�� R	�wP�Q
´_��,��'n+,'�7�Y��{��U�q�;���7�U +p�{w$x +p¦�U,��?o?$xpz��v�t n+p'���e{w ¢��)S�?(�$x ����;���m$U�2�S{��g�-,'�� ���{0�!v§�-¿�n7�!�'{w$x Sp l �&{w +(��

��)S{wp¯{�p� +$U�»�ø(-$xn+,�p'�ã{� â�+{��g�-,��- ���{w�Uv_��¿�n7�!��{�$x +p�ä��%�ã(�$x +p�{w�+��,»$x +v�tµ�á�U�-,�t®p'{�oq�+v��m�;�+�!oq�+v��Þ)+��,'�U|
�S�utxä+tU$xn¸�2�U ��G��$±p'$Uv��x�»�')+�é�+,'$x�Svw�-o

y′(x) = y(x) − 2 ln [y(x)] , y(0) = 1. Ü ÇUj Ý
~%vw�-�U,'vÉtxä���)S{wp9�g��{w +�m�¦$x,��+{w 7�!,�tã�+{É����,'�� ��'{0�Uv���¿&n+�!��{�$x á$U�gÊ7,'pz�2$x,��+�-,�ä�{É�%{�pA�-�Up�t±�'$¦��,'{É���G�+$K�� á��)S�
�U +pz�%��,�{� ��'�-,'o?p�$U�[�±{wo?�+v�{w(-{É�2{� ��'�-�x,'�Uv©�C���+,��-p�p'{w$U l "%nS����)S�-,'�¦{wp� +$?(-v�$xp'���µ��$x,�o÷p'$xv�nS��{�$x sä7�! +�
��{��')+$xnS�2)7�u��{� +�ã�Þ(�$xoq�SnS����,ª�U,'$Un+ +�ø��$ãp�$xv��U�»{��% &nSoq��,'{w(-�UvwvÉtxä���)+�!�ªp'$UvwnS�'{w$x q{wp2 +$!�2�x��,�tø)S�-vw����n+v l
æ  +pz���u�!�sä��A�¾ +$U���é��)+�!�G{���{wp��-�Up�t��'$qp�$xv��U�m½[¿ l Ü ÇUj Ý ä7{É�_�')+�¦v�$x���U,�{��')+oq{�(G�'�-,�o÷�%��,'�¾ +$U���+,'��p'�- ��-ä
y′(x) = y(x),

{ l � l
y(x) = ex.

Ã $D�Â(u�U ��A��n���{wv�{('��á��)7�!�ã�A�µ¶� +$K� ��$¢$x�S���U{w �{w ���$x,'oq�!��{�$x 
jxÆ



�U��$xnS�[�')+��,'�u�!v7�+,'$x�Svw�-o6E r )+�G{w�+�-�é{�p§��$±���fjT"	�Tkf�
mN��jT"G�����=�A�-�- q��)+��$x,�{w�x{� 7�UvêäY)7�U,��q�S,'$x�+v��-o �U +�q�
p'nS{��*�!�+vw� Ü ö Ý ß��-�Up�t�à%�+,'$U�+vw��o l_Ã �� +(-�!ä��A�ª)7�u�x�2�'$¯�+�-�Uv���{É��)±��$x S�Cy=�+�U,��Uo?���'�-,a���Uoq{�v�té$U���S,'$x�+v��-o?p-ä

y′(x, ε) = y(x, ε) − 2ε ln [y(x, ε)] , y(0, ε) = 1, Ü Ç } Ý
��)+��,'�é�%�¾$x�S���U{w ø�')+�¦$U,'{w�U{w 7�Uv��+,�$x�+vw��o ��$x,

ε = 1
�U +����)S�¦�-�Up�t��S,'$x�+v��-oÂ��$U,

ε = 0.
r )+�¾{w�+�-�ã{wp

��$±(�$x +p��','n+(C�¯� r �ut�v�$x,ªp'��,'{��-p Ü p��-�m���-( l æ " Ý {� ¸�')+�é�7�U,'�Uoq�C����, ε
�U,'$Un+ +�¸��)+�é�u�!p�t��+,�$x�+v��-o�ä

y(x, ε) ≈ y(x, 0) + ε∂εy(x, ε)|ε=0 +
1

2
ε2∂2

ε y(x, ε)|ε=0 +
1

6
ε3∂3

ε y(x, ε)|ε=0 + . . . Ü Ç  UÝ

≈ y0(x) + εy1(x) + ε2y2(x) + ε3y3(x) + . . . Ü ÇxÆ Ý

D p��'�- +p�{w�+vÉtxä+��)S�- sä

y(x) = y(x, 1) ≈ y0(x) + y1(x) + y2(x) + y3(x) + . . .

�+,�$D�&{��+�-p±�U ��C�x�-,±{�oq�+,�$K��{� +�®p�$xvwn���{w$U e��$¢$xn+,m�+,'$x�Svw�-o�ä[�+nS�ã�A�ø��{wv�vA�S�u�Uv%��{É��) ��)+�!�ã¿�n+�-pz��{�$x 
v0�Y���-, l Ü è $U�'�?�')7�!�¦p'{w S(-� y(0) = 1,

�%�±�2�! ��
y0(0) = 1, y1(0) = 0, y2(0) = 0, . . . .)

¨ {�,'p��-ä©�%�
�U 7�!v�t�'-�¯��)7�Y��)+�U�+���- +p���$ãÊ7,�p��G$x,'�S�-,�{w 

ε
��)+�- ��%�¾{w Sp'�-,z�G½[¿ l Ü ÇxÆ Ý {w ��'$q½[¿ l Ü Ç } Ý |

y′
0 + εy′

1 + . . . ≈ y0 + εy1 + . . . − 2ε ln [y0 + εy1 + . . .]

≈ y0 + εy1 + . . . − 2ε

(

ln[y0] + ε
y1

y0
+ . . .

)

0 = (y′
0 − y0) + ε (y′

1 − y1 + 2 ln[y0]) + . . . ,

��)+��,'���A�¯)7�u�x���+,'$x�S�g�����Uvwv7�'�-,'o?p%$!�©)+{w�U)+�-,9$x,'�S�-,%{� 
ε.
��{w S(-�

ε
{wpA�U,'�S{���,'�U,�tUä���)+�¯�;���+,'��p'p'{�$x +p2{� 

�u�!(*)µ�+,'�U(*¶U�C�
(. . .)

oÞn+pz���U�! +{wp�)�p��-�7�!,��!�'�-v�tUä7{ l � l

ε0 : y′
0 − y0 = 0, Ü Ç � Ý

ε1 : y′
1 − y1 = −2 ln[y0],

. . . .

ÁÛ�¦�!,'�»��)�n+p����U(-���µ��{É��)¸)7�u�&{w +�±��$?p'$xvÉ�x�¾�9����tv�f��j�"¾l��#"	�q������l�nø$U�_�u�!p�t¸�+,�$x�+vw��oqpª�'$q�!�+�+,'$u��{Éy
oq�!����$xn+,�)7�!,'�?�+,'$x�Svw�-o�ä�½[¿ l Ü Ç } Ý l§r )+�G�-¿�n7�!�'{w$x ±��$x, y0

{w q½[¿ l Ü Ç � Ý )+�Up9�')+�G�C���g��(��'�-�øp�$xvwnS�'{w$x 
Ü ��t��S�-p'{��x Ý $U� y0(x) = ex.

¨ $x,2�')+�»Ê7,'pz��(�$x,',��-(C��{w$U säS�A�¦$x���*�U{� 

y′
1 − y1 = −2x,

j �



��p�{wo?�+vw�Avw{w S�u�U,�ä!)+$Uoq$x�U�- +��$xn+p§�+,�$x�+v��-o ��{��')Þ��)+�2�U�- +��,��Uv�p'$xv�nS��{�$x 
y1(x) = A1e

x+2x+2,
��)+��,'�

�A�¯Ê7 +�
A1 = −2

��$x,
y1(0) = 0.

r )+�-,�����$x,��Uä+$Un+,%Ê7,�p����U�S�+,'$u��{woq�U ��%�'$Þ��)+�¯)+�U,'���+,�$x�+v��-o {w ¸½[¿ l
Ü Ç } Ý {wp

y(x, ε) ≈ ex + ε [2x + 2 − 2ex] + . . . → y(x) = y(x, 1) ≈ 2x + 2 − ex. Ü ÇxÇ Ýr )+{�p¾���-{� +��� r �ut&vw$x,»p��-,'{��-p�ä_$x S�±�A$xn+v��e�!(���n+�UvwvÉt )7�u�x�?p'$Uoq�ã��,'���-�+$Uo {w ¢{w ��'�-,'�S,'���'{w +���')+{wp¾�U��y
�+,�$K��{�oá�U ��-äS��$x,ª{w Sp��*�! +(-�!ä+�%�é(-$Un+vw����,'{É���»��{��')¸�-¿�n7�UviA�n+pz��{ÉÊ7(u�!�'{w$x 

y(x, ε) ≈ ex

1 − 2ε [(x + 1)e−x − 1]
+ . . . → y(x) = y(x, 1) ≈ ex

3 − 2(x + 1)e−x
. Ü Ç ¥�Ý
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��Eé4�HT�¤�;1C{-��@�{y��3T� @��µ@C�¡¿UÀ��?.�:�ÁDMé.w3�@��µ����H=BD4CMb¢g3=<�4 z 1���{ @uH�1C�e��H�@�£�� E¾1C�Y3L�y�µ¿UÀ��
.�:K:DMª.wF+@u3=3�@uEÂ����H=BD4CMb¢&1C��5ã3=<�4�Hz1-3T� @��&1C{g1C�e��H�@�£�� E¾1C�Y3M�y�s¿UÀ���.�:�ÃDMª.wEQ� 5�5�{ 4º����H=BD4CMb�
¨ {� 7�UvwvÉtxäD�C�&�',��U(C��{w S�¯{w S��$U,'oq�!��{�$x ¾��,�$xo ��)+�%�g��,���nS,'�7�!�'{��U�2p'��,'{w��p§{wp_p'$xo?����)+�!�[$U���U ±�!,��uäU{w m���U(C� l

ÿmÍ Ò V	� Ú980� T
� Ô : ��Ú980� T
k �S�+v�t&{w S�â�g��,���nS,'�7�!�'{��U���C���7�U +p�{w$x Sp±�'$â�+{��g�-,��- ���{w�Uv%��¿�n7�!��{�$x �{wpã$U�G(�$xn+,'p����x�-,zt�n+p'�C��n+vêä��+n��

oq�U¶U��pán+ +�S�-,'pz�*�U S�+{w +�Û��)+�®�'�-(*)+ S{w¿�n+� n+ S +�-(��-p'p'�U,'{�v�tÅ�+{N�q(�n+v�� lýr $enS +�+�-,�p����U +� ��)+�µ 7�!�'n+,'�µ$U�
jxÇ



���-,��'n+,'�+�!��{É�x�¸�C���7�U Sp'{w$U +p-ä2{É�±{wpãoÞnS(*) �u�!p'{w��,ã��$¢(-$x Sp'{w�S�-,q�¢p�{wo?�+vw���S,'$x�+v��-o�ä[��)+�-,����A�µ¶� +$K�
��$U��)Å��)+��ß��u�!p�t�à�����rÅ��)+��ß�)7�!,'��à��+,�$x�+v��-o Ü �! +� �C�x�-,zt���)+{� +� {w �y	�g�C�=�%���- Ý {w �Uvwvª�+�C�*�U{�v l k  +�{w Sp����-�U�¸$U�§p�$xv��&{� +�Þ��$x,��Þ��n+ +(C��{w$U 

y(x),
�A�OA�nSp����2�! ����'$±Ê+ +���')+�é,'$&$U��$U���U ¸�-¿�n7�!�'{w$x �ä7p��utxä

x2 + x = 2. Ü ¥U«�Ý

æ �ª{�p2$x���&{w$xn+pA��)7�!� x = 1
�! +�

x = −2
�!,'���')+���=�A$?��$xp�p'{w�Svw�¯p�$xvwnS�'{w$x SpA��$¦��)+{�p2�-¿�n7�!�'{w$x l ½[�U�- �{��

�A�¦{� ��','$&�+n+(��é�±$U +�Cy	�7�U,��!oq�C���-,2���!oq{�v�t?$U�_�+,'$x�Svw�-o?p-äSp'n+(*)®�Up

εx2 + x = 2, Ü ¥�NDÝ
��)S�¾p�$xvwn���{w$U �{wpªp'{�oq�Svw�U|

x± = x±(ε) = − 1

2ε

[

1 ±
√

1 + 8ε
]

. Ü ¥��xÝ
R9���-ä+�%�»�%�U ����'$±p'$xvÉ�x�»��)+�é�+,�$x�+v��-oÂ��t��ã���-,��'n+,'�+�!��{É�x�é�C���7�U Sp'{w$U sä

x = x(ε) ≈ x0 + εx1 + ε2x2 + ε3x3 + ε4x4 + . . . , Ü ¥ j Ý
��$±n+ S�+�-,�p��*�! +�®{É��pª�+,�$x�g��,��'{w�-p l Áe�é{� +p'��,���½[¿ l Ü ¥ j Ý {w ��'$q½[¿ l Ü ¥SNKÝ �U +�¸$x�S���U{w 

ε
(

x0 + εx1 + ε2x2 + ε3x3 + . . .
)2

+ x0 + εx1 + ε2x2 + ε3x3 + ε4x4 + . . . = 2,

(x0 − 2) + ε
(

x2
0 + x1

)

+ ε2 (2x0x1 + x2) + ε3
(

x2
1 + 2x0x2 + x3

)

+ε4 (2x1x2 + 2x0x3 + x4) + . . . = 0.

��{� +(-�é��)+�¾v0�!p��Gp����!����oq�� ���{wp�p'nS�+�g$Up'�-�µ��$á)S$xvw�¸��$x,;���fn
ε Ü �g�C�=�%���- « �! +� N ä��!�Gv��u�Upz� Ý ä�$x S�¦(-�U p')S$D� ��)7�!��"b����l

(. . .)
oÞnSp����!�U +{wp�)¸{w +�+���g�� +�+�� ��'v�t�|

ε0 : 0 = x0 − 2

ε1 : 0 = x2
0 + x1

ε2 : 0 = 2x0x1 + x2 Ü ¥ } Ý
ε3 : 0 = x2

1 + 2x0x2 + x3

ε4 : 0 = 2x1x2 + 2x0x3 + x4

. . .

�+,�$D�&{��+{w +��nSp¯��{���)¢�ø{� SÊ7 +{É���Þp��-¿�n+�� +(-�?$U�9p'{�oq�+v��m�+,�$x�+v��-o?p-äsp�{wo?{wv0�!,G�'$¸½�¿ l Ü Ç � Ý l ��$Uoq�Þ S$U����p�U,��¾{� �$x,'�S�-,-|
j ¥



N l Áô)+{�vw����)+�µß=)7�U,'�&à®�S,'$x�+v��-o �2�!p� +$x �y	vw{w S�u�U, Ü )+��,'�!|£¿�n7�U�+,'�!��{�( Ý äª�')+�µß��-�Up�t�à®�+,'$x�Svw�-o {wp
v�{w +�-�U, l

� l ��nS�+p'��¿&nS�- ��»�+,�$x�+vw��oqpª{� ®½[¿ l Ü ¥ } Ý �C���+,��-p�p¯�!�G$x,��+�-, εn
��)S�¾nS +¶� +$K�� 

xn

{w �����,'o?pG$!����)S�
�Uv�,'�-�U�Stø�S������,'o?{w +���¸¿&n+�U ���{��'{w��p

x0, x1, . . . , xn−1.

j l ½��U(*)¢p'nS�+p'��¿&nS�- ��m�S,'$x�+v��-o�{w â½[¿ l Ü ¥ } Ý )7�Up¯��)S�Þp��Uo?�Þpz��,'nS(���nS,'�±�Up¯�')+�¾ß��-�Up�t�àÞ�+,'$x�Svw�-o�å)+��,'�?��)+{�p¾o?�u�! +p-äa{��¾{wp¾�Uv�p'$�vw{� +�u�U,�ä
xn = Fn(x0, x1, . . . , xn−1)

l Ü r )+�?��n+ +(C��{w$U +p Fn

oá�ut
 +$!���g�évw{� +�u�!,-äS�SnS�Gp'{w S(-�¾�Uvwvg$U�_{���p��!,'�xn+o?�- ��'p��U,'�¾�Uv�,'�u�!�Stø¶� +$K�� sä�{��2{wpªo?�-,'��v�tø�± �n+om�g��,
�Upª���U,��!p��')+�én+ +¶� +$K�� µ�!�U,�{0�U�Svw�

xn

{�pª(-$x S(-�-,� +�-��ö Ý
½��U(*)?$U����)+��p'���g$U{w ���p[�!,'�ª�x�� +�-,�{w(ª�+,�$x�g��,��'{w�-p�$U�s���A�-v�vÉy	�+�-p�{w�x +���ã�g��,��'n+,'�7�Y��{w$U ã�C���7�U +p�{w$x l ß=ÁÛ�-v�vÉy
�+��p'{w�U +�-��àG)S�-,'�Go?�u�U +p[�')7�!���%��(*)+$&$xp'����$¾{w +p��-,z�9�')+�G�C���7�U +p�{w$x q�7�U,'�Uoq�C����,

ε
{w ?p'nS(*)��é�%�ut±��)7�!�

��)S���u�!p�tq�+,'$x�Svw�-o#{�pAv�{w +�-�U,G ����{É�%{� q�')+�¯�Uv��x�-�S,��U{�(G$U,A�+{É����,'�� ��'{0�Uv���¿&n+�!��{�$x áp��- +p��é�Up%{� ø½[¿ l Ü Ç } Ý® äS$x,A$U��)+��,���{�p'�»p'$Uv��!�U�+v�� l æ  �(-�Up'�»$!�©��)+�¯�S{��g�-,'�� ���{0�!vg��¿&n+�!��{�$x ��U��$K�x�Uä���)+�Gß=�u�Upzt�à¯�+,�$x�+v��-o#�2�!p��
)+$xo?$x�x�� +�-$Un+p2vw{� +�u�!,A��¿&n+�!��{�$x sä���)S{wvw���u�U(*)¸p�n+�+p'��¿�n+�- ����+,'$x�Svw�-o {wp%{w +)+$Uoq$x�U�- +��$xn+p l ½[�U�-,ªo?$x,'�
(-$Uoq�+v��C�¢{� +)+$xo?$x�x�� +�-$Un+p¯����,'o?p¦�!,'{wp��±$x,'�+��,zy	��t�y	$x,'�+��,-ä©��)+{�(*)eoq�Kt vw{wo?{��G��)S�qn+p�����n+v� +�-p�p¦$!�%��)S�
�C���7�! +p'{�$x ®�Y��p'$xo?�é$x,'�+��, l
��$xvÉ�&{w +�±½[¿ l Ü ¥ } Ý $U,'�+��,zy=��t�y=$U,'�+��,-ä+�A�¾$U�S�*�U{� 

ε0 : x0 = 2

ε1 : x1 = −x2
0 = −4

ε2 : x2 = −2x0x1 = 16 Ü ¥x xÝ
ε3 : x3 = −x2

1 − 2x0x2 = −80

ε4 : x4 = −2x1x2 − 2x0x3 = 448

. . .

æ  +p��-,��'�-�µ{w ���$±$xn+, r �ut&vw$x,�y=p'��,'{��-p k  Sp��!�b'¦{� µ½[¿ l Ü ¥ j Ý äS�A�é$x�S�*�!{w ��Up%ß�p�$xvwnS�'{w$x &à

x(ε) ≈ 2 − 4ε + 16ε2 − 80ε3 + 448ε4 + . . . , Ü ¥ Æ Ý
��)+{�(*)â���!�Uvwn+�!����� �!�

ε = 1
�+,�$K��{��+�-p¯�q�x��,�t ��$&$x,��!�+�+,'$u��{woq�!�'{w$x �{w +�S�-�-�� �'$ø�-{É��)+��,�,'$&$U��$U�9½[¿ l

Ü ¥U«�Ý�® ö æ  ?���U(��-ä���)S�- q�A�G(-$x +p�{w�+��,9�¾p��-¿�n+�- S(-��$!�s�7�U,z��{w�Uv+p'nSoqp���tã��,�n+ +(u�Y��{w S�¦½[¿ l Ü ¥ Æ Ý Ê7,'pz�2�Y�����-,��)S�
ε1− �'�-,�oµä���)+�U ?�!������,��')+� ε2− ���-,�oµä&�U S�?p�$¦$U sä�{��[t&{w��vw�+p x(1) ≈ −2, 14,−66, 382, . . . ,

��)+{w(*)
} «



{wpG$xp�(-{wv�v0�!�'{w +�±�!,'$xn+ S�µ��)S�m¶� +$K�� ,'$&$U�'pG��{É��)®�C�x��,¯v0�U,��x�-,G�Uo?�+v�{���nS�+� l2r )S�mp'��,'{��-p�{� ½[¿ l Ü ¥ Æ Ý {wp(-v��u�U,�v�t?�+{É�x�-,��x�- ��-ö%�&{w +(����%�é)7�u�U� Ü ��$x,%�')+{wpA�x�-,ztøp�{wo?�+vw���+,'$x�Svw�-o Ý �')+�»�x�� +�-,'�Uv�p�$xvwnS�'{w$x q��$x, x(ε){w ø½�¿ l Ü ¥��xÝ �u�!�U{�v0�U�+v��Uä��A�¯(u�U �{�oqo?�-�S{0�!�'�-v�tÞ�+���'�-(��%��)+�¯�S,'$x�+v��-o�|§��nS�¯��$m�')+�¯p'{� +�xn+vw�U,'{É�=t±$U�©��)S�p'¿�n7�!,'�Cy	,'$&$U�uäs�')+�±,��U�S{wn+p¯$!�%(�$x ��x�-,��x�- S(-�q��$U,���)+� ¼ �!(u·]�Un+,�{w ¢p'��,'{w��p¯��$x,
x(ε)

{wp}A�n+pz�
1/8

ö k ���'�-,
�Uv�v]�')+{wpG�%$U,'¶�ä���)7�!�»�U,'�¾�%�Þ�'$øoá�!¶U�m$!��p'n+(*)��U â�!�+�7�U,��- ���vÉtµnSp'�-v��-p�p»,'�-p�n+v���E r )+�m�+,'$x�Svw�-o )7�!p
��$?�+$?��{���)µ�U ®�U + +$Kt&{w +�?�+,�$x�g��,��=t¸$U� r �ut&vw$U,�p��-,'{��-pG{w ��x�- S�-,��!vê| r )+�-{�,G,'�U�+{�n+p�$!�§(-$U ��U�-,��x�- +(��Þ{wp
vw{�oq{É��������t���)+�qp'{� +�xn+vw�U,'{É�=tâ(-v�$xp'��p��m�'$µ�')+�ø��$x{w ��m�U,'$xnS +�Û��)+{�(*)£�%�ø�U,'�?�C���7�U S�+{w +� �µ��n+ +(C��{w$U 
{w Û��)+�q(-$xo?�+vw�;�Û�+v0�U S�Uä§�C�x�- �{É�2��)+{�pmp�{w +�xnSv0�U,�{��=tâ{�pºA�n+pz�±�U £{�p'$xvw�!�����e��$xvw�!ä§�U +�Û��)+�ønS +�+�-,�v�t&{w S�
��n+ +(C��{�$x Õ{É��p��-v���{wp±���-,�����(��'v�t�,'���xn+vw�U,?�U �t&��)S�-,'�®�-vwp�� l À �-o?�-om�g��,±�')+���x�-$xo?���','{�(�p��-,�{w�-p?{w ½[¿ l
Ü } Ý | r )+� ¼ �U(u·]�Un+,�{w µp'�-,�{w��p¯$U� G(x) = 1/(1 − x)

)7�Up�$x +v�tµ�ánS +{���,��U�S{wn+p�$U�[(-$U ��U�-,��x�- +(��UästU���uä
G(−1) = 1/2

$x,¯�C�x�- 
G(10) = −1/9,

p��utxä]�!,'�Þ���-,z���-(��'v�t®�U(-(��-�S���U�+v��Þ�U�!vwn+��p-ä���)+{�(*) ��)+�ãp��-,�{w�-p
(u�! � S$U���+,'$&�+n+(�� l æ  ¸�7�U,z��{w(�n+v0�!,-ä&$xn+,��U�+�S,'$u��{woq�!��{�$x á(�$x +p'{�p��'{w +�ã$U���mÊ7 +{É���» �n+oÞ���-,ª$!�a�'�-,�oqpª{� ��)+�!�2p��-,'{��-p�ä+�m��$xv�t& +$Uoq{w�Uvêäx(-�U � +�C�x�-,%)7�u�x�é�U �tqp'{w S�xn+v0�!,'{��'{w��p l "%nS�%�')+�-,��¯{wpA +$U�')+{w +�¦�x�-,�oá�! +���'$
��,'{É��{� +�q�')7�!�¯Ê7 S{����¦ �n+oÞ���-,¯$U�[�'�-,�oqp¯{� ��$xv�t& +$xo?{0�!vs��$x,'o l ÁÛ�Þoá�uthA�n+p��»�Up��A�-vwva��,'{É���m{É�»�Up¯�
,��Y��{w$U 7�Uvg��nS +(��'{w$x säSp��utxä

x =
a + εb + ε2c

1 + εd + ε2e
, Ü ¥ � Ý

��)+{�(*) ��$ø}!yê��) $U,'�+��,�)7�Up¯�án+ +{�¿&nS�Þ,'��v0�!�'{w$x ���$�½[¿ l Ü ¥ Æ Ý l�r $ø��)S{wp��� +�sä��A�Þp�{wo?�+v�t¸�;�S�+�U +��½[¿ l
Ü ¥ � Ý {w ε

��$±}!y	�')¸$x,'�+��,ª$x +vÉt��U +��oq�!��(*)���)S�¾(�$��	�?(-{w�� ���p����-,�o±y	��t�yê����,'o�|

x =
(

a + εb + ε2c
) [

1 − (εd + ε2e) + (εd + ε2e)2 − (εd + ε2e)3 + (εd + . . .)4 + . . .
]

=
(

a + εb + ε2c
) [

1 − εd − ε2e + ε2d2 + 2ε3de + ε4e2 − ε3d3 − 3ε4d2e − . . . + ε4d4 + . . .
]

=
(

a + εb + ε2c
) [

1 − εd + ε2
(

d2 − e
)

+ ε3
(

2de − d3
)

+ ε4
(

e2 − 3d2e + d4
)

+ . . .
]

= a + ε (b − ad) + ε2
(

ad2 − ae − bd + c
)

+ ε3
(

2ade − ad3 + bd2 − be − cd
)

+ε4
(

ae2 − 3ad2e + ad4 + 2bde − bd3 + cd2 − ce
)

+ . . . .

½[¿ l Ü ¥ � Ý {wpG(u�!vwvw�����ãßz´_�U�+�;y��U�+�S,'$u��{woq�U �� l à æ  ®�+�U,��'{w(-nSv0�U,�ä�� [n, m]− ´��U�+�¦{wp��q,'�!��{�$x 7�Uvs�;���+,'��pzyp'{�$x sä���)S{w(*)¢)7�Upé�
n
��)�y	$x,'�+��,¯��$xv�t& +$xo?{0�!va{� ®��)S�ã &nSoq��,��!�'$x,»�U +���U 

m
�')�y=$U,'�+��,¯�g$Uv�t& +$xo?{0�Uv]{� 

��)S�µ�+�� +$xo?{w 7�Y��$x, l æ �q(u�U Õ�g��n+ +{�¿&nS�-v�t�oq�!�'(*)+�-�Å��$£�! (m + n)
�')�y=$U,'�+��, r �ut�v�$x,±p'��,'{w��p l ��$Sä

��)7�!�q�%�®)7�u�x� {� ½[¿ l Ü ¥ � Ý {�pø�´ � ä �
® y�´��!�+� l "%�-pz��,'��p'n+vÉ��pø�!,'�µ�=t&�+{�(u�Uv�v�t�$x���*�U{� +�-�Å��,'$xo ��)S�
p'��¿�n+�- +(��

[0, 1], [1, 1], [1, 2], [2, 2], . . .
$U�©´��U�+�¯�U�+�+,�$K��{�oá�U ��'p-ä��Uv��')+$xn+�x)q(-$x ��U�-,'�U�- +(��¾{�pA S$U�2�xn+�U,zy

�U ������-� l?r )+�?p'n+(�(-��p'pm�S�-���- +�+p¾$x �)+$K� �A�-v�v§��)+�±��$xvw��p-ä]�+n+�ã��$¸��)S�s'��-,�$xp¦$!�A�')+�±�+�- +$Uoq{� 7�!��$U,-ä
�U,��¦�!�+vw���'$qo?{wo?{w(���)S�¦�!(���n+�Uv©p'{� +�xn+vw�U,'{É��{w��p%$U�a��)S�¦�!�+�+,'$u��{woq�!�'�-���C���+,��-p�p'{w$U l

} N



¼ �!�'(*)+{w S���')+{wp�p��-,�{w�-p��'$£��)7�!��{� ô½�¿ l Ü ¥ Æ Ý �U +� p'$Uv��&{w +�£��$U,á��)+�¢v����'�'�-,�p¸�U�+���u�U,�p¸�'$�vw�u�!�
��$e��)S$x,',�{w�+v���p'���á$U�¯ S$x +vw{� +�u�!,?��¿�n7�!��{�$x +p l "%nS�qp'$xvÉ�x����p'��¿&nS�- ���{w�UvwvÉtxä%oq�!�����-,�pá�!���U{w �p�{wo?�+vw{É��t
�+,'�Up��'{w(u�!vwv�t l ~%v��u�U,�v�txä

a = 2.
r )+�- �ä��A�é)7�u�x�

b − 2d = −4, 2d2 − 2e − bd + c = 16,

��)+��,'�é��)+�»Ê7,�p��G,'��v0�!�'{w$x sä
b = 2d − 4,

vw{� +�u�!,'{('��-p%�')+�ép'��(-$x +��ä

4d − 2e + c = 16, 4de − 2d3 + bd2 − be − cd = 2de − 4d2 + 4e − cd = −80.

è $K�éä
c = 16 − 4d + 2e

v�{w +�-�U,'{7'-��p%��)+�évw�!�'�'�-,2,��-v0�Y��{w$U sä

4e − 16d = −80,

p'$Sä
d = e/4 + 5

Ê7 7�!vwv�tqvw�-�U�+pª��$
400 + 4e = 448,

��,'$xo ��)+{w(*)¸��$xvwv�$K��p

e = 12, d = 8, c = 8, b = 12, a = 2.

Ã �� +(-�!ä7�%�¾$x�S���U{w ø��$x,�½[¿ l Ü ¥ � Ý ä

x(ε) ≈ 2 + 12ε + 8ε2

1 + 8ε + 12ε2 Ü ¥ Ç Ý
x(1) ≈ 22

21
≈ 1.048,

�U ��U�+�S,'$u��{woq�!��{�$x �$U�_�g�C�'����,ª��)7�U   ¯ �U(-(�n+,��U(Ctø��$±��)S�¾,�$�$!�ª$U��½�¿ l Ü ¥U«�Ý �!� x = 1
l

r )+{�p[�U�+�+,�$u�S{�oá�Y��{w$U m{wp�(-vw�-�U,'vÉt¾oÞn+(*)±{wo?�+,'$K�U�-�ã$K�x��,��')+�ª�+{É�x�-,��x{w S� r �ut&vw$U,§p'��,'{w��p[{w ±½[¿ l Ü ¥ Æ Ý l
æ �2{�p2�Uoq��'�{w +�é��)7�Y�%��)S{wp%p�{wo?�+vw�Y�q��jp�#�
����m©�C���+,'��p'p�{w$x �{� �½[¿ l Ü ¥ Ç Ý oá�U +�U�x�-p���$moq{�oq{�(2��)+�; CxC������"	Ä�����
j»�C���+,��-p'p�{w$x e{w Û½�¿ l Ü ¥��xÝ láÀ �Y��{w$U 7�Uv§�;�S�S,'�-p�p'{�$x �U,��qo?�-,��-v�t (u�U�7�!�+vw�±$U�%�g$xv��-p»��)S,'$xn+�U)Û��)S�'-��,'$xpG$U�a��)+��{w,ª�+�� +$xo?{w 7�Y��$x, l R9���uä� +$!���»��)7�Y�ª��)+�é�=�%$?��$xvw��pG$!�§½[¿ l Ü ¥ Ç Ý �!� ε = −1/2,−1/6

�U,��
�U(C��n7�Uv�v�tá¿&nS{����¾ +�-�U,ª��)+�¾p'¿�n7�U,��Cy	,'$&$U�Gp'{w S�xn+v0�!,'{��=tá$U�[½[¿ l Ü ¥��xÝ �!� ε = −1/8. æ  µ���U(C�uä7��$x,ª)+{��x)+��,zy$x,��+�-,�,��Y��{w$U 7�Uv+�!�+�+,'$u��{woq�U ���p�äx��)+��{w,[��$xvw��p§�%$Un+vw�±���� +�?�'$S�����	��oh��mN��j�"G�Y�9�')+��p'{� +�xn+vw�U,'{É��{w��p�$U����)S�
��,�n+�ép'$xv�nS��{�$x l

D  +�ãp'��,'{�$xn+p¯�+,�$x�+v��-o $!�A$Un+,»�U�+�S,'$u��{woq�!��{�$x ,'��oá�!{w +p�| æ  +pz���-�U�Û$!�9�')+�Þ�=�A$�p�$xvwn���{w$U +p¯$U����)S�$x,�{w�x{� 7�Uvêä��A�?$U +v�tµ��$xn+ +�¢$x +�± +�-�U,
x = 1.

Áô)7�Y�¦)+�U�+���- +�����'$¸�')+�ãp'��(-$x S�ep'$UvwnS�'{w$x â�Y�
x = 2?k (-(�$x,'�S{w +����$£½[¿ l Ü ¥x�xÝ ä9��)+{�pq,�$�$U�?(�$x,',��-p'��$x +�Spq��$ x+(ε),

��)+{�(*)�oq$K�U�-pq�'$Û{� SÊ7 +{É�=t Ü �!p 1/ε)��$x,
ε → 0,

)+{w�U)+vw{��x)���{w S�µ��)S�¸���!(��ã��)+�!�±��)+{�pãvw{wo?{��¦{wp±p�{w +�xnSv0�U,�|á��)+�áß=�u�Upzt�à��+,'$x�Svw�-o �!�
ε = 0{w ¢½[¿ l Ü ¥�NDÝ )7�Up»$x Sv�t $U +�ãp'$xv�nS��{�$x sä���)S{wvw�¦��)+��,'�±�U,��±�=�A$���$x,é�U �tâ$U�')+�-,¯�!�Uv�n+�Þ$U� ε. D n+,» +�U{��U�

} �



r �Kt&v�$x,¯p'��,'{��-p k  +p'�!��'ã{� ¢½[¿ l Ü ¥ j Ý �+$���p» +$U�»�S,'$K�&{w�+�Þ��$x,�p'{w S�xn+v0�!,�����,'o?p¯p'n+(*)Û�Up 1/ε Ü $x,¯o?$x,��(-$Uoq�+v�{w(-�!�����Ûp�{w +�xnSv0�U,é�C���+,��-p�p'{w$U +pã$U�
ε
{� e�x�� +�-,'�Uv Ý �U +�evw$&$xp'��pm�Uv�v[��)+$xp��áp�$xvwnS�'{w$x Sp l¸r )+�ø$x Sv�t

,'��oá�!{w +{� +�»p'$xv�nS��{�$x ?$xn+, k  +p'�!��'��g��,'o?{��'p9{�p[��)7�!�9��)+{�(*)µ 	o6���
j�l�mynI���fjT"	�Tkf�
mN��jT"� ��g�C�=�%���- ø�')+���-�Up�t
�U +�±��)S�G)+�U,'�?�+,'$U�+vw��oµä��»p'(��- 7�!,'{w$¾$U���'�- ?p'n+�x�U�-p��'�-�q��t±$Un+,[{w ���nS{���{�$x ±�U��$xnS�[�')+���+)�t�p�{w(�p2�!��)7�! +�
{w Û�¸�+,'$x�Svw�-o l±r $�$x�S���U{w �$U�')+�-,ép'$UvwnS�'{w$x +p�ä©��)+�?p'{� +�xn+vw�U,¯���-)7�u�&{w$x,é +�-�U,

ε → 0
�%$xnSvw��)7�u�x�q�'$

���¾�S{wp'(�$K�x�-,��-��Ê7,'pz�G�'$qpz�*�U,z��$xnS����)S�¾���-,z��n+,��7�!�'{��x�é�;�S�+�U +p'{�$x l æ  ¸��)+{�pªp'{wo?�+v��¯�C�S�Uo?�+vw�!ä7�±p'�-,�{w��pk  Sp��!�b'é��{É��)��±vw�u�!�+{w +�
1/ε− ����,'oÂ�A$xn+v��µ$U���&{�$xn+p'vÉtø�+$ã�')+�»��,'{�(*¶ l

ëAì§ñ�úgû©ü�òYñ]ó
N l�À �-���u�!�]�')+��(u�Uv�(-n+vw�!��{�$x ���{��')¾��v��u�U�S{w +�

1/ε
���U(��'$x,©{w »��)S� k  +p��Y��'�{w ¾½[¿ l Ü ¥ j Ý ��$����9{� +p'��,��'�-�{� ��'$m½[¿ l Ü ¥SNKÝ �'$Þ�U�S�+,'$u��{woq�!���ª�')+��,�$�$U�A�!� x = −2. Ü Ã {� ��u|_tU$xnáÊ7 S�á�=�%$mp'$xv�nS��{�$x +p[��$x, x0;(*)+$&$xp��é�')+�é$x +�»��)+�!�G�+$���pª +$U�G(-$U,','��p'��$x +�¸��$ã��)S�¦�!vw,'�-�U�Stq��$xn+ +��p'$xv�nS��{�$x l Ý

� l�¨ {� +����)+�é���-,z��n+,��7�!��{É�x�»�;�S�+�U +p'{�$x ¸��$x,
√

2 sin(x) + x =
π

4

�'$e}!yê��)�$x,��+�-,�äª{ l � l
x ≈ x0 + εx1 + ε2x2 + ε3x3 + ε4x4

��t �U�+�S,'$x�+,�{0�!�'�-vÉt {w +p��-,z��{w S�
�¢�7�U,'�Uoq�C����,

ε
{w ���$â�')+�µ��¿�n7�!��{�$x l �����'�-,'o?{w S�

x0, x1, . . . , x4.
½����+,'��p'p

x
�Upá�¢,��Y��{w$U 7�Uv

��n+ S(���{�$x {w 
ε Ü ´��!�+�¢�U�+�+,�$u�S{�oá�! �� Ý äG�Upø{� ½[¿ l Ü ¥ � Ý �! +� ���!�Uv�n7�!���µ��)+{�pá�C���+,��-p�p'{w$U �!�

ε = 1.
~%$xoq�+�U,'�¯��{É��)���)+�é�;�+�!(���,'�-p�n+v��-ä

x = 0.32877 . . . .

aÞÌCÌCÌ-Í ÑãÌbHÞÒ OYÅ Ø
δ
� Î§Ï±Ð O Ö�Ì$JéÐ
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ÆsQ+��R	��PSQ�V � QÇ_ ÿ¾� V	� d±� ��P 8 T
��R	�wTYV

æ  £��)S�øp'(�{w�- S(-�-p�äA$U +�ø$U���'�- �+�-�Uvwpm��{É��)£p�{��'n7�!��{�$x +p¦{w e��)+{�(*) ��)+{� +�xpm)+�U�+���- Å�U�+�7�!,'�- ��'v�tÛ{w �yp����U ��*�U S�-$xn+p�ä��Y��vw�-�Up��á$x ���)+�µ��{wo?��p'(u�!vw� $x S� {wpq{w �����,'�-pz����� {� l ¨ $x,q{w +pz�*�U +(��UäG�£p'$&(-(��-,ø�+�Uvwv
¶�{w(*¶!�-�â�U�S�g�-�U,'pª��$?(*)7�U S�x�¦{É��p�p����!���é$U��oq$!��{w$U �p'n+�+�S�- +vÉt���,�$xo÷pz�*�U +�&y=p��'{wv�v���$±)+{��x)��U�-v�$�(�{��=t l ÁÛ�
$x�+p��-,z�x�¸��)+�¸�7�Uv�v2$x Õ�âp'(u�!vw��$U��p'�-(�$x +�+p�äA��)+{�vw�ø�')+�¸�+�����U{wv��-� Ü �U S�Å��$U�'�- ���{w�UvwvÉteo?�-p�p�t Ý ���x�� ���p��t®��)+{�(*) ��$x,'(��-p»�!(-(-��vw��,��!�'�m��)+�ã�+�Uvwv]$&(-(-nS,»$x â�øo?{wvwv�{Éy	p'�-(�$x +����{�oq�;y=p�(u�Uv��¦(�$x +p'{��+�-,��-�â{�,','��vw�C�U�! ��
��$x,é$xn+,é$x�Sp'�-,z�!�!��{�$x lár $µ�')+{wpé�� +�sä_�')+�? +$U��{�$x ¢$U�ª�! ¢ß�{�oq�Sn+vwp��Cà¦�2�Up¦(-,��u�!�'�-�e{� ��')+{wpé�;�+�!oq�+v�� l
r )+�é,'��p'n+vÉ�ª{wp%p'$xo?����)7�Y��n+ �y=�S)�t&p�{w(u�!v Ü �U +��nS �y=oq�!��)S�-oq�!��{�(u�Uv Ý ä�p'{� +(-�¯�')+�¯�x��vw$&(-{��=tq$U�a��)+�»$U��A��-(C�{w µ��)+{�p��+��p'(-,�{w�S�'{w$x ®(*)7�U +�x��psr��( ����
�fj����f�f�
�e 	myn¸��,�$xoÈ'-��,'$ø��$qÊ7 +{��'� l ÁÛ$x,�p'�mtU���uäs�')+�m��$x,�(-�!ä����-{w S�

} j



�+,�$x�g$U,���{�$x 7�Uv���$Þ�')+���'{wo?�Cy=�S�-,'{É�!�!��{É�x�G$U�]��)+�¯�U�-vw$&(-{É�=txä��+{��U�-,'�U�-p-ö æ  ����U(C�uä���)+�!�ª�%�»)+�K�U�é{wpª�m�U�-,�tv0�!,'�x�!äUÊ7 +{É���2��$x,�(-��$K�x�-,9�¯�x��,�t±p�oá�Uv�v��'{wo?�2{w �����,��!�Uv+,��-p�n+v��'{w +�»{� ±�U q$U,'�+{� 7�U,�tUäUÊ7 +{É���ª{� ��'�-�x,'�Uv�°¦��)S�
{wo?�+n+v�p'� l P ���-�+{� +�q�')+�m{�oq�Sn+vwp��¾(�$x +pz�*�U �����)S{wvw�¾p')S,'{w S¶&{� +�±��)+�¾��{wo?�é{w �����,��!�Uv©��$6'-�-,�$áv��u�U�+pG��$á���$x,�(-�é��n+ +(��'{w$x ���)+{�(*)®{�pG S$x �yT'��-,�$ Ü {� SÊ7 +{É���!ö Ý $x +vÉt�$x �±�+$xoq�U{� �$U�-'��-,'$qp'n+�S�g$x,z��{� ¸p'n+(*)â�ã�%�Kt��)+�!�2��)S�¯{w ������x,��!vg$U�©�')+�¯��n+ +(C��{�$x ø{wp9Ê7 +{É��� l �&n+(*)��U �$x��A���(��ª{�p2 +$U�2�m��n+ +(��'{w$x á{w á�')+�¯��,'�U�+{��'{w$x +�Uv
p'�� +p'�!ä��! +�Û{�p¯{w Sp����-�U��(u�Uv�vw�-�¢�©r��( 	jp���p¼C�ijp�#�
� l æ �é{wp»�-�Up�t®��$�Ê7 +��p'��¿&nS�- +(��-pm$!�%���-,z���-(��'v�t®,'�-�Un+v0�U,��n+ +(C��{�$x +p-ä���)+{�(*)ø)7�u�x�¯p�n+(*)��+{�p���,�{w�+n���{w$U +p��UpA�')+�-{�,Av�{wo?{�� l æ  q$xn+,A�C�S�Uo?�+vw�!ä��A�¯(-�U ø�U�S�+,'$u��{woq�!�����)S�é��$U,'(-�»��n+ S(���{�$x ¸��t¸� Ü (-$U ��'{w �n+$xnSp Ý ��,�{0�U +�Uvw�Cyê��n+ +(C��{w$U sä

F (t) = ∆p lim
n→∞











0, |t| > 1
n
,

n (1 − n|t|) , |t| ≤ 1
n
,

Ü ¥x¥�Ý

��)+{�(*)á)7�Up9�U ?{w ��'�-�x,'�Uv+$U� ∫∞
−∞ dt F (t) = ∆p = const

��$x,9�U �t
n.
¼ $x,'�G�U�Sp���,'�U(��'v�tUä��A�G(u�U ?�+��Ê+ +�

�ãp'$!y	(u�Uv�vw���qß
δ− ¨ n+ +(��'{w$x &à Ü �!pª�+n+�é��$?��{w,'�U( Ý �&{w�ã�=�A$q�Y��{w$xo?p-ä

(1) δ (x − x0) = 0, (x 66= x0) ,

(2)

∫ x0+ε

x0−ε

dx δ (x − x0) = 1, (anyε > 0). Ü NK«x«�Ý
r )+��,'�¦�U,'�¾�± &nSoÞ�g��,�$U����"Tk���"� �"	�fj���jp�#�
�� ¾$U�a��)+{�p

δ− ��n+ +(C��{�$x sä7�u�!(*)µ��{��')µ{É��pª$K�� �!�S�!�U ��*�U�x��p
Ü �! +�µ�S{wpzy=�U�S�!�U ��*�!�x�-p Ý |
N l ½��Up�{w�-pz�uä7�+n���{É��p��-v��a�+{�p'(�$x ���{w �n+$Un+p-ä7{�p��9��"��	j#�������imN���¡�����+�	j��#�
�âp��-¿�n+�� +(-�!ä

δ (x − x0) = lim
n→∞











0, |x − x0| > 1
2n

,

n, |x − x0| ≤ 1
2n

.
Ü NK«SNDÝ

� l�k �Gvw�-�Up���(�$x ���{� &nS$xn+p�{wp2�')+�±j����p��������mN���v�����+�	jp�#�
� p'��¿&nS�- +(��ã�Uvw,��u�U��tøn+p��-�µ�U�g$K�U�Uä

δ (x − x0) = lim
n→∞











0, |x − x0| > 1
n
,

n (1 − n |x − x0|) , |x − x0| ≤ 1
n
.

Ü NK«��xÝ

j l�k ���-,z���-(C��v�t?,��-�xn+vw�U, Ü �U 7�!v�t���{�(Uö Ý ��n+ +(��'{w$x qp'��¿&nS�- +(��¾$!�����- �nSp'�-��{�pA�')+��Éº���e � 	�p���Ê��"Tk���"� �"	�fÄj#��j��#�
�7ä
δ (x − x0) = lim

n→∞

n√
π

e−n2(x−x0)
2

. Ü NK« j Ý

}x}



} l�k  +$U��)S�-,�p'o?$�$!��)���n+ +(C��{w$U �p��-¿�n+�� +(-�¦{wp2��)S�¦·©$x,��- ���'�{0�U ¸,��-�+,��-p'�� ��*�!�'{w$x sä
δ (x − x0) = lim

n→∞

n

π

1

1 + n2 (x − x0)
2 . Ü NK« } Ý

  l ½§�x�� á$xp�(-{�vwv0�Y��$x,zt¾��nS +(��'{w$x +p Ü ��{��')? S�-���!�'{��U���!�Uv�n+�-p Ý (u�U ?oq�U¶U���»n+p�����n+v�p'��¿�n+�- +(��UäS�Up[{w ã��)S�
sin− ,'���+,'��p'�- ����!��{�$x sä

δ (x − x0) = lim
n→∞

sin [n (x − x0)]

π (x − x0)
. Ü NK«� xÝ

Æ l�¨ ,'$Uo ��)+�Å�+,'�C�&{w$xn+pÛp'{� �y=,��-�+,��-p'�� ��*�!�'{w$x säã�A��(u�! ç�Uv�p'$ �+�-,�{��x� �U $!�����- n+p'���#{w ������x,��!vÉy
,��-�+,��-p'�� ��*�!�'{w$x l æ �G{wp

sin(nx)

πx
=

1

2π

∫ n

−n

dt cos(xt),

=
1

2π

∫ n

−n

dt [cos(xt) ± i sin(xt)] ,

=
1

2π

∫ n

−n

dt e±ixt,

��)+��,'�Þ�A�Þ)7�u�x�ãnSp'�-� ∫ n

−n
dt sin(xt) = 0

�U +�®�')+�ã½[n+vw��,¯,'��v0�!�'{w$x ¸��,'$Uo ½[¿ l Ü � j Ý l»Ã �- +(��Uä��,�$xo÷½[¿ l Ü NK«� xÝ ä
δ (x − x0) = lim

n→∞

1

2π

∫ n

−n

dt e±i(x−x0)t,

=
1

2π

∫ ∞

−∞
dt e±i(x−x0)t. Ü NK« Æ Ý

D  +�»$U�]��)S�»oq$xpz�ª{wo?��$x,����U ��%�+,�$x���-,��'{w��p2$U�]��)+� δ− ��n+ +(C��{w$U �{�p%��)+�!�2��$x,ª�! �t a, b
��{É��)

x0 ∈ (a..b)�U +�µ�U �tø��n+ S(���{�$x 
f
(-$x ���{� �n+$xn+pG�!�

x0,
{É�ª{wp

∫ b

a

dx f(x)δ (x − x0) = lim
ε→0+

∫ x0+ε

x0−ε

dx f(x)δ (x − x0) ,

= f (x0) lim
ε→0+

∫ x0+ε

x0−ε

dx δ (x − x0) ,

= f (x0) , Ü NK« � Ý
��)+��,'�é�%�é)7�u�x�¾n+p��-� �D�S{�$xo Ü �xÝ {w �½[¿ l Ü NK«x«xÝ l

D ��{� ����-,��-pz��{�p��Uvwp�$Þ��)+�»�!�U,�{0�U�+v��¯{w ��'�-�x,'�Uvs$U�a��)+� δ− ��n+ +(��'{w$x �ä

θ (x − x0) =

∫ x

−∞
dx′ δ (x′ − x0) =























0, x < x0,

1
2
, x = x0,

1, x > x0,

Ü NK« Ç Ý

}  



��)+{�(*)�{�p¯(u�!vwvw���®��)S� Ü n+ +{É� Ý  	jT"Tk�Ä¦�����+�	j��#�
�Û$x, Ã �-�u��{�p'{��+�Cyê��n+ +(��'{w$x l¦r )+�ã,��-p�n+v�� θ(0) = 1
2

��$Uvwvw$K��p
��,'$Uo ��)S�¾pzt&oqo?���',�t�$U�a��)S�

δ− ��n+ +(C��{w$U sä δ(−x) = δ(x),
{w ���)7�Y�

∫ x0+ε

x0

dx δ (x − x0) =
1

2
=

∫ x0

x0−ε

dx δ (x − x0) . Ü NK«x¥�Ý
ëAì§ñ�úgû©ü�òYñ�ò�ó
N l ��)S$D�ý��$x,2��)S�¾,��-�+,��-p��- ��*�!�'{w$x Sp N l y   l ��)7�!�ª�')+�¾�Y��{w$xo?p2{� µ½[¿ l Ü NK«U«�Ý �U,'�»p'�!��{�p�Ê7��� l
� l�Ë p'{w S�q�! �tø$U�_�')+�é,'���+,'��p'�- ����!��{�$x +p���$±p')+$K�Ä�')7�!�

δ(ax) =
1

|a|δ(x). Ü NxNK«xÝ
j l�Ë p'�é��)+�»�+,����&{w$Un+p�,'�-p�n+v��-ä�½[¿ l Ü NxNK«�Ý äS��$?�U,��xn+�»��)7�Y�

δ
(

x2 − a2
)

=
1

2|a| [δ (x + a) + δ (x − a)] . Ü NxNxNDÝ

ÿmÍ Ï V	�0Q < R	[gT
δ− Î�Ù Q d R	�wP�Q

r )+��,'�¸{wp±�¢omt&,'{w�U� $U��n+p'��p?��$x,Þ�')+�
δ− ��n+ S(���{�$x sä9�+nS�?o?$xp��±{� ��U$xv��U����)+�¸n+p���$!���+{É����,'�� ��'{0�Uv�-¿�n7�Y��{w$U +p l æ  +p��'�u�U�sä��A�ª(u�U ã(�$x +p�{w�+��,[�¯�g$K�A�-,z��n+v+�U�S�+vw{�(u�!�'{w$x ¦{w Þpz�*�!�'{wp��'{w(�p l ÁÛ�%�%�U ��[��$¯(�$x +p�{w�+��,��)S�¦(-�Up'�¦$U�[�U�S�+{w +�?,��! +�+$xoþ �n+oÞ���-,�p lG¨ $x,��C�S�Uo?�+vw�!ä+�%�¦¶� +$K� ��)7�!�G��)S�¦,�$xvwv©$U��$x +�¾�Stx�

X
)7�!p

Æ �g$Up'p'{��+vw�m$xnS��(�$xo?�-p-ä©�-�U(*)¢�-¿�n7�Uv�v�tµvw{�¶U�-vÉtxä
p1(X = 1) = p1(X = 2) = . . . = p1(X = 6) = 1

6
.r )+��p'�Uoq�á{wpm$!��(�$xn+,�p'�á�','n+�ø��$x,m� p'��(-$x +���StU�

Y.
k �+,'�U(��'{w(-v��á¿�n+��p���{�$x Ü { l � l ��$x,¦�+v0�utx��,'pã{� ß ¼ $x +$x��$xv�t�à Ý {wp�äxÁô)7�!��{wp§�')+���+,'$U�7�U�+{�vw{��=t

p2(Z)
$U�g,'$Uvwvw{� +����$U�')?�S{w(-�G�U S�?$U�S�*�U{� +{w S�»�U ?$xnS��(�$xo?�

Z = X + Y ?
k �x�� +�-,'�Uv��%�ut ��$¸(u�!vw(-nSv0�!�'�

ps(Z)
{�p���$¸p'nSo $K�x��,é�')+�±�- ���{�,'�ã�+,�$x�7�U�S{wvw{É�=t¸p'�7�!(-�

��$x,��Uv�v��7�!{w,'p
(X, Y )

n+ +�+��,ª��)+�é(-$U +p��',��U{� ��
Z = X + Y,

p2(Z) =
∑

X

∑

Y

p1(X) p1(Y )|Z=X+Y . Ü NxND�xÝ
k p'{�oq�+v��¯�C�S�Uo?�+v��»{wp2��)S�¾(-�Up'�é$U�

Z = 3 :

p2(3) = [p1(X = 1) + . . . + p1(X = 6)] [p1(Y = 1) + . . . + p1(Y = 6)] |X+Y =3,

= p1(X = 1)p1(Y = 2) + p1(X = 2)p1(Y = 1),

=
1

6

1

6
+

1

6

1

6
=

1

18
.
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è $!���±��)7�!�é��)+{�vw�
p1(X) ≡ 1

6

�%�Up¾n+ +{���$U,'o $K�x��,m�!vwv§$xn���(-$Uoq��p
X, p2(Z)

{�pé +$U� lqr )+�-,��ø�U,�� jxÆ
��$xp'p�{w�+v���$UnS��(�$xoq��p

(X, Y ),
$U +v�t $U +�µ)+�Up

Z = 2 Ü ßz�� 7�U¶!�Cy=�Ctx��pzà Ý $x, Z = 12
äA{ l � l

p2(Z =

2) = p2(Z = 12) = 1
36

,
��)S�- 

p2(Z = 3) = p2(Z = 11) = 1
18

,
�U S�Õp�$e$x l æ �?{wpã��p'p'�� ���{0�!v��$x,ãß ¼ $x S$x�g$Uv�t�à¸�+vw�KtU�-,�pá��$£¶� +$K� ��)+�!�á�')+�®o?$xp��ávw{�¶U�-vÉt�{w +�S{��&{w�+n+�Uvª$xnS�'(-$xo?�®{�p

Z = 7
��{��')

p2(Z = 7) = 1
6
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∫ ∞
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∫ ∞
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∫ ∞
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∫ ∞

−∞

dt

2π
eitZ

[
∫ ∞

−∞
dX1 p1(X1) e−itX1

] [
∫ ∞

−∞
dX2 p1(X2) e−itX2

]

. . .

[
∫ ∞

−∞
dXn p1(Xn) e−itXn

]

,

=

∫ ∞

−∞

dt

2π
eitZ

[
∫ ∞

−∞
dX p1(X) e−itX

]n

. Ü NxN Ç Ý
"At¦p�t&o?oq�C��,�tUäU��)S�

n− ��$xvw�m{w ������x,��!�'{w$x ¦)7�Up§oq�U�x{�(u�Uv�v�t�(-$xv�v0�U�+p��%{� ��'$»�¯p'{� +�xv��A{� ��'�-�x,'�Uv l D ��(-$xnS,'p'�!ä{���{wpGp��'{wv�v© +$U�¯$U���&{�$xn+p���)7�!����)+�¦�+���'�-,�oq{� 7�!��{�$x �$U�
pn(Z)

)7�!p����-(-$Uoq�¦oÞn+(*) p�{wo?�+vw��,G{� ®v�{w�x)��G$U�
} Ç



��)S�?$UnS����,»{w ������x,��Uva��{��')�,��-p��g��(��¾��$
t.
r )+�±�+{��x�x�-pz�»�!�Uvwn+�m$U�A�')+�±,'��p'n+vÉ�é{w ¢½[¿ l Ü NxN Ç Ý (-$x +(��-,� +p��)S�h"q�$k�my�#�	��j§�U�+���u�U,'�U +(-��$U�

n,
 S$U�A�Up9�U ±{w +�+�;�±�+nS�A�Up9�é�7�U,'�Uoq�C����,-äx��$x,§��)+{�(*)?�A�G(u�U ?p��'n+�Stã��)S�

vw{�oq{É�
n → ∞ �!p�t&oq����$U�'{w(u�!vwv�t�n+p�{w +���')+�±oq�C��)+$&�+p»$U�2���-( lhÌ " l±¨ {�,'p��-ä���)S$xn+�x)sä©�A�±(u�U ¢�x��,'{���t

�Uv�p'$ø��)+�!�»��)+�
δ− ��n+ +(C��{w$U �oq�U¶!�-pévw{É���m�u�!p'{w��,¯��$x,¯��)S�ãp'���-(-{w�Uv§(-�Up'�±$U�%�� +$x,'oq�Uv_�+{wpz��,'{��+nS�'{w$x ®��$U,

p1(X).
Áe�»Ê7 +�

pn(Z) =

∫ ∞
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